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Abstract
Optimization of the in-core fuel management in a nuclear reactor core using evolutionary algo-

rithms

This thesis addresses the use of optimization evolutionary algorithms, primarily genetic

algorithms, in the optimization of nuclear reactor fuel cycle management. The work discusses

three optimization topics – the first core loading of a PWR-type reactor, the equilibrium cycle

of a PWR, and the irradiation scheme of target materials for the production of radioisotopes.

In the topic concerning the first core loading, the issue of arranging fuel assemblies in

the core of a Westinghouse PWR with is analyzed. The optimization is performed with the aim

of extending the cycle, reducing the unevenness of the flux distribution while maintaining the

average enrichment of the fuel assembly and keeping the effective neutron multiplication factor

within the appropriate range. The second topic pertains to the equilibrium cycle, which is a

universal loading scheme applied each time the core is reloaded. The study aimed to maximize

the average burnup of the fuel while maintaining or improving selected safety and economic

parameters of core operation – the unevenness factor of power distribution, maximum burnup of

the assembly, and neutron leakage. The analysis was based on a test model inspired by the core

of the Framatome EPR reactor and was carried out during a six-month visit to the company’s

headquarters. The last of the topics, concerning the optimization of the irradiation scheme of

target materials for the production of 99Mo in the core of the Maria research reactor, aimed to

find the optimal loading method, based on theoretical analyses and simulations coupled with

a genetic algorithm. The goal of the study was to maximize the efficiency of production and

minimize the costs of this process.

Each of the topics demonstrates the application of evolutionary algorithms in various

issues of nuclear engineering, related to the management of the cycle in a nuclear reactor and

the potential gains resulting from their use. The thesis discusses the technical and theoretical

aspects of this topic as well as limitations and, above all, the possibilities for further develop-

ment, especially in terms of expanding the set of optimized parameters and new optimization

methods.

Keywords: Optimization, Evolutionary Algorithms, Nuclear Reactor Core, Nuclear Cy-

cle Management, Radioisotopes Production
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Streszczenie
Optymalizacja zarządzania cyklem paliwowym w rdzeniu reaktora jądrowego przy użyciu algo-

rytmów ewolucyjnych

Niniejsza praca dotyczy wykorzystania optymalizacyjnych algorytmów ewolucyjnych,

przede wszystkim algorytmów genetycznych w optymalizacji zarządzania cyklem paliwowym

reaktora jądrowego. W pracy poruszane są trzy tematy optymalizacyjne – pierwszy załadunek

rdzenia reaktora typu PWR, cykl równowagowy reaktora PWR oraz schemat napromieniania

materiałów tarczowych do produkcji radioizotopów.

W temacie dotyczącym pierwszego załadunku rdzenia analizowane jest zagadnienie

ułożenia kaset paliwowych w rdzeniu reaktora PWR firmy Westinghouse. Optymalizacja jest

wykonywana pod kątem wydłużenia cyklu, zmniejszenia nierównomierności rozkładu stru-

mienia, przy jednoczesnym zachowaniu średniego wzbogacenia kasety paliwowej oraz utrzy-

maniu efektywnego współczynnika neutronów w odpowiednim zakresie. Drugi temat doty-

czy cyklu równowagowego, czyli uniwersalnego schematu ładowania który stosowany jest za

każdym razem gdy rdzeń jest przeładowywany. Badanie ma na celu maksymalizację śred-

niego wypalenia paliwa, przy jednoczesnym utrzymaniu lub polepszeniu wybranych parame-

trów bezpieczeństwa i ekonomiki pracy rdzenia. Analiza oparta jest na testowym modelu in-

spirowanym reaktorem EPR firmy Framatome, a zrealizowana była w ramach 6-cio miesięcznej

wizyty w siedzibie firmy. Ostatni z tematów, dotyczący optymalizacji schematu napromienia-

nia materiałów tarczowych do produkcji 99Mo w rdzeniu badawczego reaktora Maria w Nar-

odowym Centrum Badań Jądrowych i skupia się poszukiwaniu optymalnej metody załadunku,

opartej na analizach teoretycznych oraz symulacjach sprzężonych z algorytmem genetycznym,

w celu maksymalizacji wydajności produkcji oraz minimalizacji kosztów tego procesu.

Każdy z tematów demonstruje zastosowanie algorytmów ewolucyjnych w różnych za-

gadnieniach inżynierii jądrowej, związanych z zarządzeniem cyklem w reaktorze jądrowym

oraz potencjalne zyski wynikające z ich zastosowania. W pracy omówione są techniczne oraz

teoretyczne aspekty tej tematyki jak również ograniczenia a przede wszystkim możliwości dal-

szego rozwoju, zwłaszcza pod kątem rozszerzenia zestawu optymalizowanych parametrów oraz

nowych metod optymalizacyjnych.

Słowa kluczowe: Optymalizacja, Algorytmy Ewolucyjne, Rdzeń Reaktora Jądrowego,

Zarządzanie Cyklem Paliwowym, Produkcja Radioizotopów
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Overview of the thesis

Scope of the thesis

This thesis describes three optimization problems of the nuclear in-core fuel manage-

ment problems and is the result of research conducted at three institutions, between the years

2020 and 2024 – at the Faculty of Physics of the Warsaw University of Technology, Data Sci-

ence and Applied Mathematics Pole of Framatome, and at the Reactor Research Facility of the

National Centre for Nuclear Research. The thesis consists of five sections: Introduction, Re-

view of the Fuel Management Optimization studies, Optimization of the Single Cycle Problem,

Optimization of the Multi-Cycle Problem, and Optimization of the irradiation scheme. Below

is a brief presentation of the contents of each.

Section 1: Introduction, presents a thorough introduction to in-core fuel management

(ICFM), emphasizing the importance of optimizing the arrangement of fuel assemblies within

nuclear reactors to enhance performance, ensure safety, and maximize fuel utilization. It ex-

plores the complexities involved in managing fuel assemblies through various loading patterns,

noting the computational challenges posed by the vast number of potential configurations. The

chapter underscores the role of advanced optimization algorithms, such as evolutionary algo-

rithms, in refining these loading patterns to improve reactor operations. Additionally, the Sec-

tion intrduces the foundational principles of nuclear reactor physics, covering critical topics

such as neutron transport equations and their resolution through methods like the Monte Carlo

and diffusion approximation.

Section 2: Review of the Fuel Management Optimization studies reviews optimiza-

tion studies in ICFM, focusing on Loading Pattern Optimization (LPO) and various reactor

technologies like PWRs, BWRs, research reactors, and Gen IV reactors. It categorizes the

issues into single-cycle and multi-cycle problems, using different methods such as evolution-

ary algorithms and machine learning. It briefly describes how LPO studies have evolved from

simple algorithms in the 1950s to complex methods dealing with multi-cycle operations today,

highlighting both the historical progress and current trends in fuel management optimization

and it organizes current knowledge. The Section also outlines the challenges in applying these

XI



methodologies to different reactor types, stressing the increased complexity in multi-cycle prob-

lems and the application of advanced algorithms in recent studies.

Section 3: Optimization of the Single Cycle Problem, describes the first of the dis-

cussed problems, that concerns the optimization of the initial fuel loading scheme in the core

of a Westinghouse PWR reactor, based on a real American nuclear power plant described in

the Benchmark of the MIT Computational Reactor Physics Group [1]. This project was carried

out at the Warsaw University of Technology, in cooperation with the Institute of Heat Engineer-

ing of WUT and the Faculty of Electronics and Information Technology WUT within the joint

project titled "Application of Machine Learning Methods to Optimize the Fuel Campaign of a

PWR Nuclear Reactor", carried out under the IDUB BEYOND-POB-II grant. In the course

of the research, a new adaptive genetic algorithm was implemented to search for the core load

optimal in terms of maximizing the cycle length, while maintaining the average enrichment at

the reference level, minimizing the power peaking factor, and maintaining the effective mul-

tiplication factor of neutrons within a specified range. The paper proposed a new method of

variance control, being an original method of selection in the genetic algorithm, yielding better

results than the standard methods used. The analysis successfully found solutions characterized

by a longer cycle and a more uniform power distribution, demonstrating the correctness of the

proposed methods and their potential.

Section 4: Optimization of the Multi-Cycle Problem, concerns the optimization of

the Equilibrium Cycle, i.e., a universal loading scheme, exemplified by a reactor core inspired

by the EPR reactor, was realized during a 6-months visit to the Framatome headquarters in

Paris, which is a leading supplier and operator of nuclear power plants in Europe and world-

wide. In cooperation with the Research Department and Data Science and Applied Mathematics

Pole, a genetic algorithm and parallel simulated annealing were used to optimize the core shuf-

fling scheme in terms of maximizing burnup while maintaining or improving the unevenness

of power distribution, neutron leakage, and maximum fuel assembly burnup. The analysis pro-

posed an extremely simple but original way of presenting the Equilibrium Cycle in matrix form,

which significantly simplified the generation and processing of potential schemes. Additionally,

in the analyses, the use of Shannon Entropy as a measure to monitor the convergence of the al-

gorithm and its control was proposed, which had not been previously used in cycle optimization
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issues. In this part, an important and interesting discussion on core symmetry was undertaken

and the advantages and disadvantages of using each were analyzed in terms of potential search

for the optimal solution. This part proposed an original hybrid algorithm combining the advan-

tages of efficiency in searching high-dimensional space (known to be a feature of genetic algo-

rithms) and the advantage of avoiding getting stuck in local extremes through broad searching

of the search space by parallel simulated annealing. The proposed method presented increased

efficiency in selected scenarios, leading to the extension of the cycles by several days, at the

same time maintaining or improving other parameters.

Section 5: Optimization of the irradiation scheme, describes the theoretical consider-

ation and application of optimization algorithm for searching for the best irradiation scheme of

target materials in the Maria reactor. The study was carried out at the Reactor Research Facility

in the National Centre for Nuclear Research and it focused on finding a method of irradiating

uranium targets that leads to maximizing the efficiency of the process of producing Mo-99 –

a topic extremely important due to the nature of this isotope, being a source of the medical

radionuclide Tc-99m, used in 85% of the 30 million medical procedures carried out worldwide

annually. The Maria reactor, considered in this work, supplies about 9% of the world’s pro-

duction of this valuable isotope, whose demand is still growing, is greater than the production

capabilities. Moreover, cyclic shortages, related to inspections, failures, or the shutdown of old

facilities, cause problematic disruptions in radionuclides supplies and availability of medical

procedures. Due to the time-consuming and costly installation of new radionuclides-producing

facilities, providing more radionuclides is a difficult problem. However, the analysis discussed

in this thesis can potentially contribute to some extent to increasing production and partially

reducing the problem of Mo-99 availability. The analyses performed showed that optimal irra-

diation of uranium shields may increase production efficiency and decrease production costs by

up to 15%, which is a promising result, worth further continuation.
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Role of the thesis

With the growing interest in machine learning methods and artificial intelligence al-

gorithms, topics of intelligent management and optimization are also gaining popularity. At

the same time, increasing computational power, unavailable in the past, allows for conducting

thousands of simulations, which, combined with an appropriate search strategy, can lead to the

efficiency of design processes, improvement of the applied solutions, and even moving beyond

the usual schemes to find entirely new, more optimal solutions. The topic of optimization has

been addressed in nuclear engineering and applied nuclear physics since the 1970s, alongside

the dynamic development of the nuclear sector. However, given the capabilities at the time, this

topic was often purely academic contemplation, based on simplified problems, focusing on a

narrow range of optimization, and presenting an application of a selected method.

This work serves several functions in its field. Firstly, it fills the gap in the literature,

by organizing and presenting the current state of knowledge in the field based on the evaluation

of several hundred scientific publications and studies, describing key cases from the very first

studies of the 1950s to the latest achievements, in the division into the problem under consider-

ation and the technology analyzed. Furthermore, the work extends the topic of optimization in

fuel cycle management to multi-objective optimization of key parameters, providing in-depth

analyses of the obtained solutions, applied symmetries, and their influence on the entire cy-

cle and physical phenomena, and also comparing them with actual reference models, validat-

ing the correctness of the optimization. Finally, the work discusses topics not only related to

the optimization of a given parameter but also includes thorough analyses of the operation of

the algorithms, describing their flexibility and potential for nuclear engineering and applied

physics applications. It also proposes and examines completely new methods (Variance Con-

trol Method, application of Shannon Entropy, Hybrid Algorithm) that demonstrate improved

performance and achieve better results than the classical ones.

In addition, the thesis fits well into the trend and development of the topic, observed

since 2021 (see Figure 0.1). It has the potential to significantly contribute to the advancement

of the field of engineering and applied nuclear physics, which is increasingly beginning to ex-

plore and investigate the possibilities of using machine learning methods, artificial intelligence,

and optimization techniques, which in the near future may become the basis for the operation

of nuclear systems and conducting research in this field.
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Figure 0.1: The annual number of publications regarding the optimization with genetic algorithms,
retrieved from Google Scholar, containing the words "Genetic", "Algorithms", and "Nuclear" in the

title, keywords, and/or abstract, manually filtered and validated.

Publications based on the materials presented in the thesis

This thesis summarizes the following journal publications and conference papers, pub-

lished as part of inter-institutional, and international collaboration:
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1 Introduction

1.1 Background

1.1.1 In-Core Fuel Management

In-core fuel management (ICFM) is an important part of nuclear reactor operation that

pertains to the management and arrangement of fuel assemblies within the reactor core during its

operational phase. It involves making precise decisions about the positioning of fuel assemblies

to optimize the reactor’s performance, maximize fuel utilization, maintain safety margins, and

ensure efficient power generation. ICFM involves determining the specific arrangement of fuel

assemblies within the reactor for each cycle. This arrangement affects the distribution of heat,

neutron flux, and other parameters within the core [2]. ICFM ensures that the core produces the

desired amount of energy continuously or within cycles while maintaining safety factors, the

inventory of nuclides during the cycle is known, especially at the end of the cycle (EOC), and

refueling minimizes the total unit costs of energy production [3].

There are different ICFM strategies, the core shuffling can be designed every time the

core is reloaded (single reloading problem) or it can be designed in a multi-cycle manner, by de-

signing several subsequent reloadings or as an equilibrium cycle (EC), being a generic scheme

that is applied each time the core is reloaded, needed e.g. for safety and design studies [4].

Due to differences between fuel assemblies (different burnup level, enrichment, burnable ab-

sorbers concentration) and depending on which assemblies are removed from the core, there is

an enormous number of possible reloading schemes, reaching 1030 and more [5]. Assuming

only 1 second to evaluate each scheme, checking all possible combinations would take many

orders of magnitude more time than the estimated age of the universe. As it is impossible to

search the space of solutions one by one, usually the design starts from a similar or previous

solution adjusted by expert judgment and a number of different neutronic, thermal-hydraulic,

and mechanical analyses. One way to speed up the process, potentially go beyond usually used

solutions and extend the ICFM strategies is to use meta-heuristic optimization algorithms such

as parallel simulated annealing (PSA) or genetic algorithms (GA) for the loading pattern opti-

mization (LPO) problem.
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Loading patterns

Typically, commercial power reactors operate based on cycles, meaning the operation of such a

reactor is periodically halted (usually every 1 to 2 years), the reactor vessel is opened, and part of

the fuel (usually the most burned assemblies) is removed from the core (usually about 1/3), and

new fuel assemblies are inserted in their place. The core is then arranged in a new configuration

(loading pattern), the reactor vessel is closed, and it operates again for a given period (called

a cycle) [6]. Of course, as mentioned, the core can be arranged in many different ways, each

of which leads to different cycle properties (power distribution, potential cycle length, safety

coefficients, etc.). Loading a new core or reloading it can be based on four main schemes:

placing new fuel in the center of the core and moving the remaining assemblies outward (in-out

method), placing fresh assemblies at the edge of the core and moving the remaining assemblies

towards the center (out-in), placing fresh fuel assemblies (FFA) at the edge but mixing of the

inner assemblies in the core in a checkerboard pattern, in order to reduce peaking factors (Out-

In-Checkboard) or by mixing these methods and attempting to find a compromise between

power distribution and leakage (3LP - low leakage loading pattern) [7].

Loading pattern in-out (Figure 1.1a), leads to low neutron leakage, as the most reac-

tive assemblies (highly enriched in the case of the first core or fresh fuel in the case of reloading)

are located in the very center of the core. On the other hand, this causes uneven flux distribution

and a significant power peak, especially at the beginning of the cycle. To minimize this effect,

burnable absorbers (BA), like gadolinium [7] are used to some extent. These absorbers capture

neutrons at the beginning of the cycle, then gradually absorb them less effectively as they burn

out. Thus, BA even out the power distribution and extends the cycle because it allows for a

larger reactivity excess, which is gradually released during the cycle. However, the use of BA

has its limitations. Neutrons absorbed by the BA are unproductively lost. Additionally, residual

poisoning occurs later in the assembly, which is the negative reactivity associated with the prod-

ucts formed from the BAs, potentially penalizing such an assembly in later cycles. Therefore,

in general fuel management, efforts are made to use the smallest possible amount of BA [7].

Loading pattern out-in (Figure 1.1b), leads to more uniform power distribution and

lower peaking factors. However, due to the highly reactive assemblies positioned at the edge

of the core, this layout is associated with greater leakage, particularly of high-energy neutrons

that have resulted from fission and have not yet been thermalized in the moderator. This causes

the reactor vessel to exposed to a high neutron fluency, which can lead to faster degradation,
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Figure 1.1: Various fuel assembly arrangements in the core: (a) in-out, (b) out-in, (c)
out-in-chessboard, and (d) 3LP (low leakage loading pattern). B1, B2, and B3 denote different batches,
where B1 assemblies are the least reactive (lowest enrichment in the case of the first core or the highest

number of preceding cycles in the case of reloading), B2 assemblies are moderately reactive
(medium-enriched or, for example, after one cycle), and B3 assemblies are the most reactive (high

enrichment or fresh fuel).

embrittlement, and a shortened lifespan [8].

Loading pattern out-in-chessboard (Figure 1.1c) is an extension of the second method,

also involving the loading of fresh assemblies on the edge of the core, but mixing less reactive

assemblies (and assemblies with BA) in the inner part to increase burn-up balance. However,

this scheme does not reduce neutron leakage.

Low leakage loading pattern - 3LP (Figure 1.1d) seeks a compromise between leak-

age and even power distribution. This approach essentially combines elements of the other

methods, such as utilizing a checkerboard pattern and generally placing more reactive assem-

blies closer to the core edge, but not at the very periphery, thereby forming a so-called "ring

of fire" [9] which provides reactivity to the system. In this type of configuration, the power

distribution is relatively flat while neutron leakage is limited. In this configuration, as in all oth-

ers, BA are also used, particularly arranged in a checkerboard pattern, to limit the initial excess

reactivity and even out the power profile.
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Each of the mentioned core loading schemes is characterized by different cycle param-

eters, as described. Some of them lead to more uniform power distribution, and safer and more

economical fuel use but increased leakage. Some lead to less leakage but a more uneven power

distribution. Besides these parameters, there are many other factors considered in the design of

the fuel cycle, such as cycle length, the evolution of boric acid concentration, maximum fuel as-

sembly burnup, critical heat flux, linear power density, enrichment needed, amount of burnable

absorbers, nuclear waste production, as well as mechanical properties such as fuel assembly

deformation, and bowing, neutron fluency and embrittlement of the vessel and more.

Potential gains of the optimization

Seeking optimal loading schemes can potentially have a significant impact on the safety and

economy of nuclear reactor operation. Previous studies suggest that with proper fuel arrange-

ment, it is possible to reduce power peaking factors by several percent [5], thereby increasing

the safety margin associated with hot spots and boiling crisis, limit neutron leakage [10, 11],

reduce fuel demand, and/or extend the cycle by several days [5,6,12]. Assuming a power plant

capacity of just 1000 MWe and an electricity price of 0.25 EUR/kWh, extending the cycle by

one day only yields a profit of 6 million EUR per unit, of course, reduced by any costs asso-

ciated with generating this power and the operation of the power plant. Another example can

be lowered consumption of fuel. The levelized cost of electricity (LCOE) for nuclear fuel, in

the once-through cycle (without reprocessing), was estimated in 2020 at $7/MWh for costs re-

lated to mining, enrichment, and conditioning, with an additional approximately $2/MWh for

spent fuel removal, disposal, and storage costs [13]. For a power plant with a capacity of 1000

MWe, this gives an annual cost on the order of 78 million USD, assuming continuous operation

and no other costs. Considering the production of electrical energy from nuclear power plants

in France, which amounted to 360.7 TWh in 2021 [14], reduction of a singlew cent in fuel

cost, potentially achieved through better arrangement and lower consumption, corresponds to

an additional annual saving of over 3 million USD per year.

These simplified analyses certainly do not account for many factors, including the costs

of constructing the power plant itself, loans and financing, and future decommissioning fees.

Nonetheless, given the scale of a nuclear power plant and national energy production, they

illustrate the order of magnitude of gains and the potential space for optimization that decision-

makers face when dealing with the fuel cycle design.
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1.1.2 Radionuclides production and their applications

Radioisotopes are integral to a variety of sectors, including medicine, agriculture, indus-

try, and scientific research, playing a key role in national nuclear programs. These programs

facilitate the production of radioisotopes, and various radiation sources, significantly enhancing

economic sectors such as healthcare and industrial quality assurance. The primary method-

ologies for synthesizing artificial radioisotopes are through nuclear reactors and particle accel-

erators. For radioisotope production, nuclear reactors are mostly used, due to their capacity

for large-scale irradiation, the ability to irradiate multiple samples at the same time, cost effi-

ciency, and the versatility in the range of radioisotopes they can produce. Particle accelerators

are specifically employed to generate isotopes that are either achievable via reactor methods or

possess unique properties essential for specific applications [15].

Radionuclides are crucial to medicine and diagnostics, with their use expanding signifi-

cantly due to advancements in current technology and development of new methodologies. It is

estimated that each year, radionuclides are used in over 30 million essential medical procedures

worldwide [16], broadly, categorized into diagnostics and therapeutics.

In diagnostics, radionuclides are utilized to invstigate ailments such as heart disease and

cancer. This is achieved through the emission of gamma rays from isotopes that are captured

by specialised gamma cameras to create detailed body images. Gamma cameras play a crucial

role in the diagnostic process for various organs, such as heart, brain, bones, lungs, and thyroid

(see Table 1.1). The predominant isotope used in these imaging procedures is Technetium-99m

(99mTc). Additionally, a range of other isotopes are employed, including Thallium-201 (201Tl),

Gallium-67 (67Ga), Krypton-81m (81mKr), Indium-111 (111In), Iodine-123 (123I), Iodine-131

(131I), and Xenon-133 (133Xe).

In therapy, radionuclides that emit alpha particles, Auger electrons, or beta particles are

effectively utilized in the treatment of conditions like hyperthyroidism, synovitis, and cancer.

Radiofarmaceutics help also to manage pain associated with metastatic cancers. For example,

iodine-131 (131I) is used to remove remaining thyroid tissue in treatments of hyperthyroidism

or thyroid cancer. Other isotopes like phosphorus-32 (32P), yttrium-90 (90Y), rhenium-188

(188Re), and erbium-169 (169Er) are also employed in the radionuclides treatment [16]. Under

development there is also Boron Neutron Capture Therapy (BNCT), a neutron-based technique

that enables selective treatment of cancer at the cellular level within tumors. BNCT is partic-

ularly effective for treating cancers of the brain, head, neck, and skin. This technique utilizes
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the reaction between neutrons and boron to specifically target and destroy cancer cells. Unlike

conventional radiotherapy, BNCT offers a fundamentally different approach and holds promise

as a more widely adopted option for cancer treatment in the future [17, 18].

Table 1.1: Application of radionuclides in diagnostics [16].

Organ Radionuclide Disease

Lung 99mTc, 133Xe, 81mKr Embolisms, breathing disorders

Bone 99mTc Tumours, infection, bone fracture

Thyroid 131I, 99mTc, 123I Hyper/hypothyroidism, tumours

Kidney 99mTc, 111In, 131I
Renal function, embolisms, blood
flow, tumours

Brain 99mTc, 123I, 133Xe Neurological disorders

Liver,
Pancreas

99mTc, 111In Tumours

Abdomen 99mTc, 67Ga Tumours

Blood 99mTc, 111In
Infection, blood volume and
circulation

Heart 99mTc, 201Tl, 82Rb Myocardial function and viability

All
67Ga, 99mTc, 111In,
201Tl

Tumours

Mo-99/Tc-99 application and production

Technetium-99m-based diagnostic imaging constitutes a significant portion of nuclear medicine

practices, with an estimated 85% of all procedures globally utilizing this isotope [19] (see Ta-

ble 1.1). Nearly all the technetium-99m (Tc-99m) employed in nuclear medicine is generated

through the radioactive decay of molybdenum-99 (Mo-99). Molybdenum-99 has a half-life of

approximately 66 hours and decays via 88%-branch beta decay that produces Tc-99m. The

Nuclear Energy Agency has analyzed the distribution of Mo-99/Tc-99m demand, revealing that

mature markets consume about 84% of the global supply, while emerging markets consume

the remaining 16%. Projections until 2023 suggest an annual growth rate of 0.5% in mature

markets and a more robust growth of 5% in developing markets [19]. The main method for

producing this isotope involves the fission of U-235 using enriched uranium targets placed in a

neutron field (reactor core). The rate of reaction (effectively the tempo of isotope production)

RR = n · φ ·σ , depends on the number of atoms in the target element (atomic density) n, the
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value of the neutron flux density φ , and the cross-section σ for the production of Mo-99. The

first of these values is determined by the user during sample preparation for irradiation, while

the second and third are functions of the position within the core. Both the flux density and

the cross-section for a given reaction vary at different locations within the reactor core. The

neutron flux density can change by orders of magniture within the core, while the cross-section

depends on two factors - the probability of the occurance of the U-235(n, fis) fission reaction

(Figure 1.2) and the probability of producing Mo-99 as a result of this fission (Figure 1.3). Both

of these factors will depend on the energy of the incident neutron; however, the probability

of obtaining a Mo-99 nucleus during fission process (Figure 1.3) is more or less constant, and

equals around 6% per fission, for both thermal and fast neutrons [20]. The dependence of the

fission cross-section (Figure 1.2) typically follows a characteristic trend of inversely propor-

tional dependence on neutron velocity, ∝ v−1, from low energies up to thermal energies, then

passing through the resonance region for epithermal neutrons, and extending to the unresolved

resonances region, where resonances of cross-sections become indistinguishable (transition be-

tween 1 and 10 keV).

Figure 1.2: Cross section for the fission reaction of 235U(n, f is), figure source: ENDF-BVIII.0 nuclear
data library [21].

As evident from Figure 1.2, the value of the cross-section, and thus the reaction rate

of Mo-99 production, can vary by orders of magnitude, further depending on the flux density

value at a given location. Then, the reaction rate can be completely different depending on

the location of the sample in the core. Additionally, the actual amount of produced isotope

will depend on the duration the sample spends in the core, which, due to spatial limitations,
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manouvering and radioactive material handling, can be costly. The overall efficiency of the

process and production cost will depend on both the distribution of samples within the core and

the proper scheduling of irradiation over time. Even minor modifications causing a shift towards

a region with higher cross-section and flux values can significantly increase the production of

this element. As mentioned, it is estimated that 85% of diagnostic procedures worldwide, which

amounts to about 25 million, utilize Tc-99m. Considering the periodic shortages of Mo-99

observed in healthcare [22–24], seeking optimal production methods is a goal in addressing this

gap, and even slight improvements in the process can result in help for hundreds of thousands

of patients.

Figure 1.3: 235U fission product yields (with around 6% per fission for 99Mo production), figure
source: ENDF-BVIII.0 nuclear data library [21].

1.2 Elements of nuclear reactor physics

1.2.1 Neutron transport equation

The neutron transport equation is the Boltzmann transport equation and is the fundamen-

tal formula in nuclear engineering, describing changes in angular flux distribution ψ (⃗r,Ω⃗′,E ′, t),

so the balance of neutrons in space, direction, energy and time [25].

Firstly, neutrons in a nuclear system are produced in the fission process. Neutrons pro-

duced directly in this process are called prompt neutrons and their production per unit of time,

volume, direction, and energy can be described as:
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χ p(⃗r,E)
4π

[
1− β̃ (⃗r)

]∫ ∞

0
ν (⃗r,E ′)Σ f (⃗r,E ′, t)φ (⃗r,E ′, t)dE ′,

where χ p(⃗r,E) is the spectrum of the produced prompt neutrons, 1− β̃ (⃗r) is the share of prompt

neutrons, ν (⃗r,E ′) is the average number of neutrons produced, Σ f (⃗r,E ′, t) is the fission cross-

section, and φ (⃗r,E ′, t) is the scalar neutron flux (fission does not depend on the direction).

Neutrons moving through space can be downscattered or upscattered to a given energy

and direction, which can be understood as the production of neutrons in a given direction and

energy: ∫
∞

0

∫
4π

Σs(⃗r,E ′ → E,Ω⃗′ → Ω⃗)ψ (⃗r,Ω⃗′,E ′, t)dΩ
′ dE ′,

where Σs(⃗r,E ′ → E,Ω⃗′ → Ω⃗) is the scattering cross-section responsible for changing energy

from E ′ to E and direction from Ω⃗′ to Ω⃗.

In the context of the aforementioned reactions (fission, scattering), neutrons with a given

energy E and direction Ω⃗ are removed from a given point in space, which can be described as:

−Σt (⃗r,E)ψ (⃗r,Ω⃗,E, t),

where Σt (⃗r,E) is the total cross-section. Neutrons can also migrate:

−Ω⃗ ·∇ψ (⃗r,Ω⃗,E, t).

Finally, neutrons can be produced from precursors, i.e., nuclides that emit neutrons with some

delay (in any direction). The term related to this can be written as:

1
4π

Nd

∑
i=1

χ
d
i (⃗r,E) ·λi ·Ci(⃗r, t),

where Nd is the number of precursor groups, χd
i (⃗r,E) is the spectrum of neutrons emitted by

the i-th precursor group, λi the decay constant of the i-th group, and Ci(⃗r, t) the concentration

of precursors of the i-th group.

Combining all described terms and extending them by the term associated with a poten-

tial external neutron source S(⃗r,Ω⃗,E, t), we obtain the integro-differential form of the neutron

transport equation:
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1
v(⃗r,E, t)

∂ψ

∂ t
(⃗r,Ω⃗,E, t)+ Ω⃗ ·∇ψ (⃗r,Ω⃗,E, t)+Σt (⃗r,E)ψ (⃗r,Ω⃗,E, t) = (1.1)

∫
∞

0

∫
4π

Σs(⃗r,E ′ → E,Ω⃗′ → Ω⃗)ψ (⃗r,Ω⃗′,E ′, t)dΩ
′ dE ′

+
χ p(⃗r,E)

4π

[
1− β̃ (⃗r)

]∫ ∞

0
ν (⃗r,E ′)Σ f (⃗r,E ′, t)φ (⃗r,E ′, t)dE ′

+
1

4π

Nd

∑
i

χ
d
i (⃗r,E) ·λi ·Ci(⃗r, t)+S(⃗r,Ω⃗,E, t).

In the case of steady state, time dependencies in Equation 1.1 can be omitted. To sim-

plify analyses and ensure strong equilibrium in the neutron transport equation, a scaling factor

k is introduced at the fission term. Additionally, for steady state, the production of neutrons

through the i-th group precursors can be written as [25]:

Nd

∑
i=1

χ
d
i (⃗r,E) · β̃i(⃗r)

∫
∞

0
ν (⃗r,E ′)Σ f (⃗r,E ′, t)φ (⃗r,E ′, t)dE ′,

where β̃i(⃗r) is the fraction of neutrons from the i-th group. Then the steady state neutron trans-

port equation, without an external source, can be written as:

Ω⃗ ·∇ψ (⃗r,Ω⃗,E)+Σt (⃗r,E)ψ (⃗r,Ω⃗,E) = (1.2)∫
∞

0

∫
4π

Σs(⃗r,E ′ → E,Ω⃗′ → Ω⃗)ψ (⃗r,Ω⃗′,E ′)dΩ
′ dE ′

+
1

4πk

(
χ

p(⃗r,E) ·
[
1− β̃ (⃗r)

]
+

Nd

∑
i=1

χ
d
i (⃗r,E) · β̃i(⃗r)

)∫
∞

0
ν (⃗r,E ′)Σ f (⃗r,E ′)φ (⃗r,E ′)dE ′.

The above equation is an eigenvalue equation, for which the eigenvector ψ (⃗r,Ω⃗,E) and

the eigenvalue k has to be determined. As shown in [25], the largest value of k corresponds to

the effective neutron multiplication factor ke f f , which is a fundamental parameter describing

the state of the nuclear system in which a chain reaction can occur.

1.2.2 Methods for solving the neutron transport equation

An exact solution of the neutron transport equation or set of Nd equations, depending

on the number of precurson groups, is possible only in special cases, therefore approximate

methods are usually used. There are various methods of this type. Below, the most popular are

be presented [25, 26].
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Spherical Harmonics Method (PN Method)

The method consists of representing the neutron flux density in the form of a series of Legendre

polynomials (Pm):

ψ (⃗r,E, t,Ω) =
∞

∑
m=0

2m+1
4π

φm(⃗r,E, t)Pm(µ), (1.3)

φm(r,E, t) =
∫

ψ(r,E, t,Ω)Pm(µ)dµ, (1.4)

where µ = cos(Ω), and for Legendre polynomial:

Pm(x) =
1

2mm!
dm

dxm (x2 −1)m, for m = 1,2, . . . (1.5)

In particular, P0(x)= 1,P1(x)= x. Legendre polynomials are orthogonal and satisfy the relation:

∫ 1

−1
Pm(µ)Pn(µ)µ dµ =

2
2n+1

δmn, (1.6)

where δmn is the Kronecker delta. The first two expansions of the Legendre polynomials allow

for a straightforward physical interpretation: for m = 0,

φ0 = ψ(r,E, t), (1.7)

is the total flux density, while for m = 1,

φ1 = 2π

∫ 1

−1
µψ (⃗r,µ,E, t)dµ = J(⃗r,E, t), (1.8)

is the current in the direction of r⃗.

Diffusion Approximation

Limiting the spherical harmonics method to the first two terms of the expansion of Legen-

dre polynomials leads to the approximation of the transport equation by the classical diffusion

equation. Knowing the particle current in Equation 1.8, Fick’s law can be written as:

J(r,E, t) =−D(r,E, t)∇φ(r,E, t), (1.9)

where D is the diffusion coefficient. Additionally, using G energy groups and the group-

11



averaged values of reaction cross-sections, we can write the multi-group diffusion equa-

tion [25]:
1
vg

∂

∂ t
φg(⃗r, t) = ∇ · [Dg(⃗r, t)∇φg(⃗r, t)]+

G

∑
g′=1

Σs,g′→g(⃗r, t)φg′ (⃗r, t) (1.10)

+
[
1− β̃ (⃗r)

]
χ

p
g

G

∑
g′=1

νg′ (⃗r)Σ f ,g′ (⃗r, t)φ (⃗r, t)
Nd

∑
i=1

λi(⃗r) ·χ
d
i,g(⃗r) ·Ci,g(⃗r, t)−Σt,g(⃗r, t)φ (⃗r, t)

where φg(⃗r, t) are scalar flux values for energy groups g, similarly χ
p
g , Ci,g(⃗r, t) are parameters

for the given group and Σx,g(⃗r, t) are the values of reaction cross-sections averaged for group g.

In this way, a system of equations is obtained in which we are looking for the values of scalar

fluxes φg(⃗r, t).

Discrete Ordinates Method (SN Method)

The discrete ordinates method, also known as the SN method, is based on replacing the angular

variable, Ω of the angular neutron flux ψ (⃗r,E,Ω, t) with a finite set of discrete values, Ωm,

called discrete ordinates. It requires integrating the neutron transport equation over homoge-

neous regions. The regions are defined by dividing the unit sphere into N Sections parallel to

the equator, then, each region is further divided into sectors in 4,8, ...,2N − 4,2N,2N,2N −

4, ...,8,4, manner, resulting in a total of N(N + 2) sectors. This method significantly sim-

plifies the equation, but it can lead to the so-called "ray effect" (called after visible ray-like

paths) which is the excessive discretization of the space further away from the center of the unit

sphere [25].

Method of characteristics (MOC)

The method of characteristics is based on solving the neutron transport equation along specific

paths, known as characteristics, for which the flux is assumed to be constant [25].

Monte Carlo (MC) method

The Monte Carlo method determines the parameters of a system based on data collected from

representative sampling. For nuclear system and neutron transport, it involves simulating and

tracking the behavior of a given number of indicudal particles under specified conditions. The

simulation starts from emission of the particle from a source, and simulating its history by

sampling reactions like scattering and absorption, based on the probabilities disribed by scross-
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sections from nuclear data libraries (e.g. ENDF [21], TENDL [27]). The libraries are based

on experiments, measurements and complicated evalutaions. First, using appropriate numerical

codes (e.g. MCNP [28], Serpent2 [29]), geometry, materials and their properties are defined.

Then, for each simulated particle, the code draws its free paths and reactions that occur, and

repeats this proces until the particle is absorbed or escaped the system. Below, the basic ideas

underlying Monte Carlo codes are briefly presented [29, 30].

• Sampling of the neutron free path: The probability that a neutron will interact with a

nucleus during its travel through a small distance dx is given by dP = Σtdx, where Σt is

the total macroscopic cross section. If we define P0(x) as the probability that a neutron

travels a distance x without any interaction with the medium, then the reduction of this

probability is equal to:

dP0 =−P0(x)dP =−P0(x)Σtdx.

Solving this equation, we obtain:

P0(x) = e−Σtx.

The probability that a neutron will travel a distance x and then interact with a nucleus in

the next distance of dx is:

P0(x)dP = P0(x)Σtdx = Σte−Σtx,

thus, the probability distribution of the free path is:

f (x) = Σte−Σtx.

Knowing the probability distribution, we can sample the free path lengths of neutrons

using a pseudorandom number generator and, for example, the inverse transform method:

The cumulative distribution function (CDF) has the form:

F(x) =
∫ x

0
Σte−Σt x̃dx̃ = 1− e−Σtx.
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Inverting this, we obtain:

x =− ln(1−ξ )

Σt
, ξ ∈ (0,1).

Since sampling from the uniform distribution of numbers 1− ξ and ξ is equivalent, we

can write:

x =− ln(ξ )
Σt

.

• Sampling of reaction type: If we denote πi(E) as the probability of the i-th reaction

occurring as a result of a neutron of energy E colliding with a nucleus, by drawing a

number ξ ∈ (0,1) from a uniform distribution and using the condition [30]:

s

∑
i=1

πi(E)≤ ξ <
s+1

∑
i=1

πi(E).

we can determine that reaction s has occurred.

• Behavior after collision: Depending on the type of reaction, the behavior of the neutron

is sampled differently. For instance:

In the case of fission, based on experimental data, it is determined how many delayed

and prompt neutrons are emitted. Since the emission time of delayed neutrons has an

exponential distribution, its sampling is carried out similarly to the free path:

t =− ln(ξ )
λ j

.

The energy of emitted neutrons is sampled from distributions available in tables based

on experimental data. In the case of scattering, which can be either elastic or inelastic,

we apply the conservation laws of energy and momentum, from which the post-collision

velocities can be determined:

v0c =

√
v2

c +
2AQ

(A+1)m
, V0c =

√
V 2

c +
2Q

A(A+1)m
.

where vc and Vc are the velocities of the nucleus and neutron before the collision, respec-

tively, and v0c and V0c are the velocities after the collision. Here, A = M
m is the ratio of the

atomic mass of the nucleus to the neutron, and Q is the energy (heat) released from the
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system. For elastic scattering Q = 0, whereas for inelastic scattering Q < 0. The value

of Q is generated from a distribution derived from data. In cases where more than one

neutron is emitted, there are more variables than equations; therefore, sampling from ad-

ditional probability distributions is applied. The emission of particles other than neutrons

is not considered significant from the perspective of neutron transport and their behavior

is not analyzed.

1.2.3 Activity and Reaction Rate

The reaction rate α , expressed in units of inverse time, defines the averaged occurrence

frequency of a given nuclear reaction per target nuclide atom. It can also be interpreted as the

probability of a reaction occurring on a single atom per unit of time. The reaction rate defined

by formula [31]:

α =
∫

∞

0
σ(E) ·φ(E)dE. (1.11)

Due to the simplicity of its definition, it is commonly used for conducting comparative tests

with numerical codes modeling neutron transport under experimental conditions. The reaction

rate is the simplest function for numerical reproduction of the response of the measuring system,

and can be obtained in the activation method, using activation detector.

On the other hand, activity, which is the number of decays of a given nuclide per sec-

ond (Bq), is defined as the product of the number of nuclei (N∗) and the decay constant λ [32]:

A = λ ·N∗. (1.12)

If the nuclides N∗ are created by activation of the target nuclides Na, by irradiation

with neutron flux φ(E, t), with corresponding cross-section σ(E) that describes probability of

activation, the final activity of the sample would be [31]:

A =
∫

∞

0

∫
∞

0
λ ·Na ·σ(E) ·φ(E, t) · e−λ t dt dE, (1.13)

After integration over irradiation time tr, activity of the sample:

A(tr) = Na · (1− e−λ tr) ·α, (1.14)

and after cooling time of tc:

A = A(tr) · e−λ tc, (1.15)
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By transforming Equation 1.14 and applying the cooling factor we can write a formula for

determination of the reaction rate for known activity, and times tr and tc:

α =
A

Na · (1− e−λ tr)e−λ tc
, (1.16)

where the number of target nuclide atoms is given by:

Na = Nm ·m, (1.17)

where m is the detector mass, Nm is the number of detector’s nuclei per unit mass. Finally we

can write:

α =
A

Nm ·m ·η
, (1.18)

where η = (1− e−λ tr)e−λ tc is a time coefficient that depends on the irradiation and cooling

times. The reaction rate uncertainty can be estimated with the formula [32]:

(
∆α

α

)2

=

(
∆A
A

)2

+

(
∆m
m

)2

+

(
∆η

η

)2

. (1.19)

In case of the activation measurements at the MARIA reactor, the activity uncertainty directly

comes from activity measurements. The masses of the detectors are small and are measured on

an analytical balance with precision ∆m = 0.01 mg The source of uncertainties in the term η

are the times: activation ∆tr = 30 s and cooling ∆ tc = 600 s. Decay constants λ are known with

very high accuracy and can be neglected [32].

1.2.4 Selected parameters of nuclear reactor core operation

The section below briefly describes selected, most relevant parameters and issues of re-

actor physics discussed in further parts of the work.

Reactivity

Reactivity of a nuclear system is a measure of the deviation of this system from criticality.

In general, it a quantitative description of the ability of a nuclear system to sustain a chain

reaction of nuclear fission [33]. Criticality, expressed by the multiplication factor k, indicates

the state of a system: critical with k = 1, subcritical k < 1 and supercritical k > 1. In the simples

definition k can be understand as a relative change in neutron population in the system. It is
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can be also interpreted as the higest eigenvalue of the steady-state neutron transport equation

(Equation 1.2) [25]. Reactivity (ρ) is relative deviation of k from unity:

ρ =
k−1

k
. (1.20)

This value is expressed in units of percent delta ∆k/k or often in dollars ($), where one dollar

is the value of the share of delayed neutrons. Reactivity control plays a crucial role in reactor

core operation.

Power Peaking Factors

The Power Peaking Factor (PPF) is defined as the ratio of the maximum heat flux q′′ in the

core to the average heat flux in the core. It is the parameter that describes quantitatively the

uniformity of the heat sources (also neutron flux) in the core. It can be divided into radial and

axial parts:

Pxyz = Pxy ·Pz, (1.21)

where Pxy is a ratio of the average heat flux of the hot channel to the average heat flux of all

channels:

Pxy =

∫
H q′′(rHC)dz
1

Nc

∫
H q′′(r)dz

, (1.22)

and Pz is the ratio of the maximal heat flux of the hot channel to the average heat flax of the hot

channel:

Pz =
max[q′′(rHC)]
1
H
∫

H q′′(r)dz
, (1.23)

then, Pxyz is can be expressed as:

Pxyz =
max[q′′(rHC)]

1
HNc

∑Nc

∫
H q′′(r)dz

, (1.24)

where NC is the number of cooling channels, H is the active height of the core, and rHC is the

location of the hot channel. The hot channel is defined as the channel with the highest heat flux

and enthalpy rise [34].

Hot Channel Enthalpy Rise Factor

Hot Channel Enthalpy Rise Factor F∆H is another parameter describing the non-uniformity of
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the power distribution, taking into account not only the power output but also the coolant flow

and conditions prevailing in the core [34]. It is defined as the ratio of the maximum enthalpy

rise, that is, in the hot channel, to the average enthalpy rise per channel:

F∆H =
∆Hhot

∆Havg
. (1.25)

F∆H is related to the total heat power in the channel and the mass-flow rate of the coolant pass-

ing through the channel and is an indicator showing how far one is from boiling [7].

Neutron Leakage

In this study, the leakage of neutrons is also considered in the form of a percentage deviation of

keff from the value k∞, which is the percentage difference in the effective neutron multiplication

factor between an infinite system and a real system:

L =
k∞ − ke f f

k∞

. (1.26)

This value can be derived directly from the six factor formula [33], which is a fundamental equa-

tion in nuclear engineering that defines the neutron life cycle in a nuclear system and effecive

neutron multiplication factor:

ke f f = η · f · p · ε ·PFNL ·PT, (1.27)

where:

• η - is the reproduction factor (the average number of neutrons produced per absorbed),

• f - is the thermal utilization factor (the ratio of the number of thermal neutrons absorbed

in the fuel to those absorbed in all materials),

• p - is the resonance escape probability (probability of avoiding absorption in the reso-

nance region, before thermalization),

• ε - is the fast fission factor (the number of fast neutrons to the number of neutrons from

thermal fission),

• PFNL - is the probability that a fast neutron will not escape the system,

• PT - is the probability that a thermal neutron will not escape the system.
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Because k∞ = η · f · p · ε [33], leakage in the definition in Equation 1.26 corresponds to:

L = 1−PFNL ·PT, (1.28)

so the probability that a neutron (neither thermal nor fast) will escape the system.

1.3 Optimization Algorithms

1.3.1 Evolutionary algorithms

Evolutionary Algorithms are meta-heuristic, black-box optimization methods that draw

inspiration from biology and the theory of evolution [35]. Next to Differential Evolution, Ge-

netic Programming, Differential Evolution, Genetic Programming, and Evolutionary Strategies,

the most representative of this group of algorithms are Genetic Algorithms, which are the focus

of this work.

In Genetic Algorithms (GA), the optimized system is usually coded into a vector (by

analogy called chromosome), that consists of numbers or strings (called genes). The set of

genes (genotype) reflects directly the optimized system and its parameters to be optimized. The

algorithm operates on a set of chromosomes (called population) that is being processed until the

best (or close-to-best) solution is found. Despite many versions of the GA, for most of them,

the population at each step of the algorithm (generation) is usually being subjected to three

main genetic operators: selection (with Fitness Function), crossover, and mutation. Each of the

operators is a simple but important mechanism that reflects the natural processes of evolution.

Selection and Fitness Function

Selection imitates the competition in nature, where the strongest specimens are more likely to

survive, with Fitness Function (FF) being the way to assess each of them. There are different

types of selection. The most basic is the roulette method, in which each specimen is being

selected for further processing with probability proportional to the value of its FF [35]. Next to

the roulette method, tournament and ranking methods are the most commonly used [36].

Crossover

Crossover reflects breeding and transmission of genetic material (mainly the strongest speci-

mens will create their offspring), thus it determines the direction of the population’s evolution.
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It is based on the exchange of set of genes between chromosomes (parents). In this operator, a

random point or points are selected, defining the subsets of genes that are exchanged between

parents to create offspring [35]. There are many versions of the crossover operator, and are

based on the different number of exchange points, mapping, ordering or method of parents se-

lection [36]. In the basic version of the crossover, two randomly selected specimens exchange

parts of their chromosomes at a random exchange point. For the basic crossover operation ×k,

two randomly chosen individuals exchange chromosome parts at random point k:

[x1,x2, ...,xk, ...,xn]×k [y1,y2, ...,yk, ...,yn]→ [x1,x2, ...,yk, ...,yn], [y1,y2, ...,xk, ...,xn]. (1.29)

Mutation

The mutation is an operator that mirrors random processes in genetics and allows searching a

broader space of possible solutions. The mutation can be based on the random change of the

gene or exchange of the gene in the chromosome [36], its probability can be constant or it can

change in time [37]. In the simplest version, for the permutation problem, mutation operation

Mk,l can be a simple swap between elements k and l:

Mk,l([x1, , ...,xk, ...,xl, ...,xn])→ [x1, , ...,xl, ...,xk, ...,xn]. (1.30)

As GA are heuristic methods, there is never an absolute certainty of finding a global

solution (or set of solutions). The algorithm may asymptotically approach the global extremum

(but it is possible that it would not achieve it in a finite time/steps), it can be stuck or oscillate

around a local optimum or it can jump between equally-good ones. In the case of multi-criteria

optimization, the final result is in fact dependent on the form of the Fitness Function and the

relation between optimized parameters as they usually are interdependant. Thus, the outcome

of the GA operation is the whole family of the solutions (so-called Pareto Front) and a single

best solution does not exist [38].

1.3.2 Parallel Simulated Annealing

PSA, a parallelized version of Simulated Annealing (SA), is a heuristic method for seek-

ing the global minimum within a broad search space. It is inspired by the annealing process in

materials science, where controlled cooling creates crystals with minimal defects, achieving a

state of minimal energy [39]. In classic SA, a solution xi at step i with energy Ei undergoes
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stochastic perturbation through random exchanges, resulting in a new state xi+1 with energy

Ei+1. Acceptance or rejection of the new state is determined by certain probability [39], often

defined as:

pA(Ei,Ei+1,Tg) =

1, when Ei+1 < Ei,

e−(Ei+1−Ei)/Tg, otherwise.
(1.31)

This implies that a worse solution can be accepted [40], with probability pA(Ei,Ei+1,Ti), de-

pending on the energy difference and the temperature parameter Tg. The optimization strategy

involves gradually cooling down the system by decreasing Tg, allowing exploration of a larger

search space initially and convergence as the temperature approaches zero. This prevents pre-

mature convergence and getting stuck at a local extreme. In this study, temperature reduction

follows a geometric decrease with the number of generations g: Tg = Tinit/g.

1.3.3 Particle Swarm Optimization

Particle Swarm Optimization (PSO) is a biology-inspired method of searching for a

global extremum with the use of a swarm of agents (particles) distributed over a multidimen-

sional space of solutions. One type of PSO method is the firefly algorithm, which involves

the use of particles with characteristics and principles of operation inspired by the behavior of

fireflies. In this method, each of the particles (initially randomly placed in the space of solu-

tions) is characterized by a certain brightness (analogically to its biological equivalent). This

brightness is proportional to the quality of the solution that characterizes the given particle (its

position). There are many possible variants of this algorithm, but in the simplest version, each

of the particles moves towards the brightest particle in its neighborhood. It moves at a certain

speed (and inertia) through the solution space, and at the same time, it can find a better position

and become the brightest particle. In this way, particles search the solutions space, potentially

approaching the global optimum [41, 42].

When we consider the k-dimensional solution space, each of the particles can be de-

scribed as a vector:

x̂ = [x1,x2, . . . ,xk].

Then the distance between particles i and j can be defined as the Cartesian distance between

two points:

ri j =

√√√√ k

∑
m=1

(x j,m − xi,m)2.
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Assuming that the position of particle i at time t is x̂t
i, and particle j is the brightest one in its

neighborhood, the position of particle i at time t +1 will change as follows [41]:

x̂t+1
i = x̂t

i +β0 · e−γ·ri j(x̂t
j − x̂t

i)+αε
t
i ,

where α , β0 and γ are the parameters of the algorithm, εi is the random factor (inertia) of the

particle, and ri j is the distance between the particle i and the brightest particle j.

1.3.4 Non-dominated Sorting Genetic Algorithm

The Non-dominated Sorting Genetic Algorithm (NSGA) and its further improved ver-

sion NSGA-II [43], is based on a genetic algorithm, with a modified selection operator to en-

hance efficiency for multi-objective optimization. The idea of NSGA-II is based on sorting so-

lutions based on their so-called domination, which means exhibiting better properties in terms

of a selected parameter. In other words, a solution is non-dominated if it demonstrates the best

properties relative to at least one optimized parameter. In this way, the algorithm operates on

entire families of solutions that are equally good, and the solution is a whole set of optimized

solutions. An important role in this algorithm is also played by the sorting distance, which pro-

motes the diversity of solutions, helping the algorithm avoid local extremes and converge to a

single solution.

1.3.5 Reinforcement Learining

Reinforcement learning (RL) is realized using a Markov Decision Process (MDP) in

which the agent moves within the environment and iteratively learns from its actions [44]. At

each step t, the agent observes a state st ∈ S and based on policy π(a|s), chooses an action

at ∈ A(st). The policy represents the likelihood of selecting action a at state s. At each step, the

agent receives rewards Rt+1 ∈ R and moves to a new state st+1.

RL algorithms are a wide class of algorithms. Examples can be algorithms based on

Deep-Q-Networks (DQN) [45], which approximates the reward, Proximal Policy Optimization

(PPO) [46] that uses gradient method promoting stable learning rate, or Soft Actor Critic (SAC)

[47], which optimizes a stochastic policy.
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2 Review of the Fuel Management Optimization studies

This section describes the main issues of ICFM and related problems. It outlines their

key features, challenges, along with the historical studies and current state of research. In this

chapter, ICFM issues are presented in division of different types of loading apporach (Single-

Cycle and Multi-Cycle) and different technology (PWR, BWR, research reactors, and Genera-

tion IV reactors).

2.1 Type of the problem

2.1.1 Loading Pattern Optimization

One of the most common applications of optimization methods such as evolutionary al-

gorithms, for In-Core Fuel Management problems, is Loading Pattern Optimization (LPO). The

first appraches to LPO began concurrently with the intensive development of nuclear industry

in the 1950s and 1960s. In 1954, analytical considerations were done by Goertzel, on the op-

timal fuel distribution in the core, leading to the minimization of the critical mass of uranium

and the flattening of the neutron flux [48]. In 1968, Wall and Fenech [49] applied dynamic

programming aiming at optimization of 30 years fuel campain of 1000 MWe PWR, minimizing

the overall unit power generation cost. Tabak, in 1968 [50] minimized usage of U-235 and max-

imized Pu-239 production, using linear and quadratic programming. A year later, Melice [51]

maximized reactivity of the reloading profile with constraint on power-peak factor, using trial

and error method, dynamic programming and proposed modified version.

In the 1970s and 1980s, the topic gained popularity, resulting in works based on an-

alytical analyses [52], linear programming [53, 54], dynamic programming [55], perturbation

theory [54, 56], and eventually also on heuristic methods [57, 58]. However, due to the tech-

nology of the time and limited computational power, these problems were usually simplified,

concerning a homogenized core with defined regions, using simplified calculations, focusing

on the optimization of one or two parameters. Nonetheless, they definitively demonstrated the

potential of optimization methods in nuclear engineering.

In the 1990s, the topic continued to develop and heuristic algorithms gained popularity.

Due to the complexity and multidimensional nature of LPO problems, along with increasing

computational resources, heuristic algorithms, including simulated annealing [59, 60], genetic

algorithms [61–63], and tabu search [64], began to be dominant in the field. Since then, they
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have been systematically analyzed in research, consistently demonstrating performance and

efficiency that are nowadays, still not easily surpassed, despite the proposals of many other

algorithms, including more recent machine learning-based techniques [44, 65].

Generally, LPO can be more precisely divided into the following problems: First Core,

where the core is loaded with fresh fuel for the first time, Single Reload, where the assembies

are partially refueled and rearranged between two cycles, Multiple Reload where a series of

reloads is considered, and finally Equilibrium Cycle - a general loading scheme used every time

the core is reloaded. Although the categorization seems very clear, it is not always easy to assign

a given study to one of these categories. Often, authors analyze general problems, dividing the

core into several zones of more reactive and less reactive fuel assemblies. These can correspond

to the First Core problem, where we deal with fresh fuel with varying degrees of enrichment,

and the different number of BA. At the same time, this can be interpreted as a Single Reload,

where the more reactive and less reactive fuel assemblies correspond to assemblies that have

spent more or fewer number of cycles in the core.

The remaining part of the studies is divided into Single Cycle problems concerning the

First Core and the Single Reload, and Multi-Cycle problems concerning Multiple Reloads and

Equilibrium Cycle. The goal is to present and compare these issues in a more detailed con-

text, enabling a deeper understanding of trends, issues raised, as well as applied solutions and

achievements.

2.1.2 Single Cycle Problems

First Core Loading (FCL) is the simplest of the ICFM problems and involves loading

when the core is started for the first time. There is no assembly movement in this problem,

only their positioning in the core. The FCL optimization problem can be simply defined as

a seeking for the best configuration of a vector containing fuel assemblies FAi at positions

Pi ∈ {FA1,FA2, ...,FAl}:

[FCL] = [P1,P2, ...,Pi, ...Pn]. (2.1)

If we consider n fuel assemblies in the core (or selected core symmetry) and l number of avail-

able types of fuel assemblies, we obtain ln possible solutions. For example, considering 1/8

symmetry of the core and about n = 36 assemblies to arrange with l = 6 different types of FFA,

we obtain 636 ≈ 1028 possible solutions.
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Single Reload (SR) involves selecting the assemblies that we plan to remove from the

core, choosing new ones to replace them, and designing a new scheme composed of the new

assemblies and those from the previous cycle. SR problem can be understood as optimizing

the mapping of the fuel assemblies FAi that remain in the core and their new positions Pi ∈

{FA1,FA2...,FAn} in the next cycle, i∈{1,n−k}, and the k positions Pj ∈{FFA1,FFA2...,FFAl}

of fresh fuel assemblies FFA j, where j ∈ {n− k+1,n} and can be written as:

[SR] = [P1,P2, . . . ,Pn−k,Pn−k+1, . . . ,Pn]. (2.2)

In the simplest case, when the inventory of fuel assemblies is fixed, the optimization

problem is a a simple permutation of a vector of n integers. But in a general case, considering

n assemblies in the core, k as the batch size, i.e., the number of assemblies we replace, and l as

the number of possible assemblies, then:

a. Choosing k from n assemblies is a combination
(n

k

)
and can be done in n!

k!(n−k)! possible

ways.

b. Choosing k positions for the new assemblies is again a combination
(n

k

)
and can be done

in n!
k!(n−k)! possible ways.

c. Choosing k assemblies from l types is variations with repetitions and can be done in lk

possible ways.

d. Arranging n− k assemblies from the previous cycle in n− k positions is a standard per-

mutation which can be done in (n− k)! possible ways.

Combining all four steps, we obtain:
(

n!
k!(n−k)!

)2
· (n− k)! · lk =

(n!
k!

)2 lk

(n−k)! possible

configurations. Considering a case similar to the previous one (n = 36, and l = 6) and a batch

size of fresh fuel assemblies (FFA), about 1/3 of the core, which is k = 12, we obtain approxi-

mately 1051 possible reloads.

In the 1990s, the subject of Single Reload was repeatedly raised. Parks (1996) proposed

a Non dominated Genetic Algorithm (Section 1.3.4) to address multiobjective optimization for

PWR, effectively balancing power peaking, fresh fuel, and BA inventories, demonstrating ro-

bust optimal loading patterns [63]. Zhao, Knight, Nissan, and Soper (1998) developed FUEL-

GEN, a system for LPO using GA, which outperformed existing methods in optimizing cycle

length and safety [66]. In the early 2000s, Pereira and Lapa (2003, 2008) explored an island par-

allel GA, based on several parallel realizations of GA that can exchange specimens, achieving
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superior results in computational efficiency over standard GA [67, 68]. Kobayashi and Aiyoshi

(2003) optimized a BWR LPO using an improved GA that maintained diversity and optimized

ke f f and PPF [69]. Sacco and Pereira (2006) demonstrated the effectiveness of the Particle Col-

lision Algorithm (inspired by the collision process of particles) and the Great Deluge Algorithm

(based on an increasing level of the objective function value that allows accepting a solution),

showcasing their potential over traditional methods [70]. Alim, Ivanov, Yilmaz, and Levine

(2008) implemented a specialized GA for simultaneous optimization of loading pattern and BA

placement [71]. Martín-del-Campo and Palomera-Pérez (2009) applied a flexible GA for LPO

in BWR, increasing the energy output compared to the reference core [72]. Zameer et al. (2014)

explored LPO for a 300 MWe PWR using SA, GA, and a hybrid of the two. The study focused

on flattening the power profile, employing novel crossover and mutation strategies in the GA to

overcome limitations observed in SA, such as premature convergence to a local minimum. The

hybrid approach significantly improved optimization, demonstrating a balance between compu-

tational effort and solution quality [73]. Binh, Huy, and Hai (2014) proposed a binary mixed

integer coded GA for the multi-objective LPO of a research reactor. They simultaneously max-

imized the ke f f and minimized the PPF [74]. Rahmani (2017) applied GA to optimize the LP

of VVER-1000 reactors, also achieving desired safety and performance thresholds [75]. Li,

Huang, Wang, and Ding (2021) developed a hybrid teaching-learning GA, which combined

method inspired by the interaction between the teacher and students in a class with GA [76,77].

So et al. (2021) proposed an adaptive GA for a 1000 MWe PWR. Their methodology ad-

justed crossover and mutation probabilities based on the fitness functions, aiming to minimize

the maximum radial PPF [78]. Shaukat et al. (2021) developed a multiobjective optimization

strategy for the PARR-1 research reactor, employing a modified GA coupled with Monte Carlo

code [79]. Wan, Lei, and Li (2022) explored an innovative optimization method for LPO using

a combination of improved convolutional neural networks and GA. Their method enhanced the

evaluation speed and accuracy of reloading patterns [80]. Lima-Reinaldo and François (2023)

utilized GA for LPO of the ALLEGRO experimental fast reactor. They introduced specialized

crossover operators (Partially Mapped Crossover and Order Crossover), demonstrating a signif-

icant improvement in the operational cycle length and overall core performance [81].
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2.1.3 Multi Cycle Problems

Single-cycle optimization is straightforward to implement. In practice, it requires gen-

erating a vector containing types of fuel (either fresh or partially spent) and translating it into

a full core model. However, optimizing one reload can lead to optimizing a given cycle at the

expense of another [60, 82] , that is, improving the characteristics of one cycle may worsen

the properties of subsequent cycles. It is evident that with a batch size k ≈ 1
3 · n, the assem-

blies placed in cycle N will affect not only that specific cycle but also cycles N +1 and N +2,

and then assemblies placed in cycle N + 1 will impact cycle N + 2 and N + 3, and so on. For

example, one can imagine that placing large amounts of BA might help to flatten the power

distribution in cycle N, but in cycle N +1 it could lead to an undesirable decrease in reactivity

due to residual poisoning, which is the accumulation of unwanted by-products from the burning

processes of BA that remain in the assembly. Also, a more optimal placement of assemblies that

results in higher final burnup of the assemblies may lead to the need for additional reactivity in

subsequent cycles [82].

Therefore, to truly optimize a cycle, one must consider it from the perspective of the

entire fuel campaign, or at least a certain reload horizon, such as several cycles. In the quest

for truly optimal schemes, one problem to consider is the Equilibrium Cycle, which is a uni-

versal shuffling scheme, the same scheme that is applied every time the core is reloaded, so it

reaches equilibrium after the first n
k cycles, i.e., the same cycle properties every time. However,

in practice, many operators of nuclear power plants modify the cycles and adjust them to current

requirements or issues that may arise, Single Reload or Multiple-Reload optimization is often

used because it is most practical as it answers the question of how to currently (or for the next

N cycles) load the core. The Equilibrium Cycle optimization then becomes more of a tool for

searching for general optimal patterns that may serve as a basis for reloading, or be used to

perform calculations at the design and safety analysis stage.

Equilibrium Cycle (EC) is a general scheme of FA reloading that is applied every time

the core is reloaded (Figure 2.1). In contrast to a single reload problem where each fuel assem-

bly can be placed at almost every selected position, EC needs to meet several requirements to

avoid too low or too high number of cycles that each assembly stays in the core. As the core

follows the same refueling scheme after every cycle, it is necessary to ensure that each assembly:
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Figure 2.1: General scheme of the Equilibrium Cycle.

a) is not placed in a loop (it comes back to the original position), so it is never removed from

the core, eg. it is moved from position A to position B and then again to A then to B and

so on (Figure 2.2a);

b) does not stay at the same position (so it gets stuck in the core), e.g. it is moved from

position A to the same position A (Figure 2.2b);

c) is not placed in a path that is too long, so it stays in the core for too many cycles e.g. it

is moved from position A to B, C, D, etc. and stays in the core for more than the defined

(usually three) cycles (Figure 2.2c);

d) is not exchanged between different symmetry zones, e.g. it is not moved from the diag-

onal (yellow part in Figure 2.2d) to the octagonal zone (gray part in Figure 2.2d), as the

diagonals are mirrored four times in the core whereas 1/8th is mirrored eight times. That

would result in the lack of assemblies needed to fill 1/8th. In case of opposite exchange

(1/8th to the diagonal), four assemblies would not be used at all while creating the whole

core. This also concerns the single reload problem.
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Figure 2.2: Restrictions on the movement of fuel assemblies in the equilibrium cycle:
(a) loop, (b) same position, (c) too long path, (d) exchange between different symmetries.

If we consider the batch size of k FFA placed each time in the core and we assume that

each FA can stay in the core maximum m cycles, we proposed in this study to represent EC in

a very simple way, in the form of a k×m matrix that consists of paths of fuel assemblies:

[EC]m×k =


PFA1,1 . . . , PFAk,1

... . . . ...

PFA1,m . . . , PFAk,m



m×k

. (2.3)

In this problem, we consider that each fuel assembly spends m cycles in the core. As-

suming there are n assemblies in the core, the batch size is defined as k = n
m . To estimate the

number of potential solutions, we assume that each assembly FAk from batch k is unique. We

then need to define k trajectories for each assembly, specifying their positions in successive cy-

cles, denoted as {PFAk,1,PFAk,2, . . . ,PFAk,m}. In this scenario, the equilibrium cycle can be repre-

sented by an m×k matrix containing m ·k unique positions. Thus, there is (m ·k)!=(m · n
m)!= n!

possible configurations for the EC. Reconsidering the simplified problem for 1/8 of the core and

n = 36 assemblies, we obtain approximately 1041 possible solutions.

The idea of optimizing the EC originated in the 1970s. Sekimizu (1975) introduced a

novel approach to understanding the combined impact of fuel shuffling and control rod program-

ming on equilibrium fuel cycle performance, in a theoretical and deterministic study. Sekimizu

applied a three-region cylindrical reactor model and Haling principle [83] to minimize power

distribution effects on reactor performance [52]. Yamamoto and Kanda (1997) compared the

EC and successive multicycle optimization methods for PWR. Using SA, they found EC opti-

mization to be more computationally efficient and more straightforward compared to successive

multicycle optimization [60]. Mahlers (2002) proposed an algorithm combining SA and succes-
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sive linear programming to optimize EC for PWR. This approach treated uranium enrichment

and BA loading as continuous variables and core reload schemes as discrete variables. The

algorithm reduced feed fuel cost by about 2% compared to standard SA [84, 85]. Babazadeh et

al. (2009) applied PSO (Section 1.3.3) for LPO in VVER-1000 reactors. They maximized the

core ke f f while maintaining the local power peaking factor below a defined threshold [86]. Ro-

drigues et al. (2022) developed GA for searching for the EC in PWR. This method achieved an

optimal fuel loading pattern that operated at full power for 240 days with an average discharge

burnup of 28.93 MWd/kgHM [4]. Hudayi et al.(2023) used SA to optimize the EC loading

pattern for the APR1400 reactor. The study effectively minimized the maximum PPF while

meeting the core design constraints [87].

Multiple Reload simply involves considering N successive loading schemes, one after

another. Therefore, it requires tp specify a total of n types of FA in each of the N cycles,

meaning the arrangement of n ·N integers.

[MR] =



P(1)
1 P(2)

1 ... P(N)
1

P(1)
2 P(2)

2 ... P(N)
2

... ... ... ...

P(1)
n−k P(2)

n−k ... P(N)
n−k

P(1)
n−k+1 P(2)

n−k+1 ... P(N)
n−k+1

... ... ... ...

P(1)
n P(2)

n ... P(N)
n .



(2.4)

Therefore, this problem is the Single-Reload from Section 2.1.2 repeated N times. Then

the space of possible solutions is the product of the spaces of each of Single-Reload subprob-

lems, so results in
[(n!

k!

)2 · lk

(n−k)!

]N
possible configurations. For example, for the previously

considered case (n = 36, k = 12, and l = 6) and for N = 3 considered reloads, we obtain a space

of possible solutions of the order of ∼ 10154. Because of both more complicated implementation

and the significantly larger space of possible solutions, the case of multiple-cycle optimization

is not often considered in practice.
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In one of the first approaches to optimizing fuel cycles, Wall and Fenech [49] in 1965

analyzed the entire fuel campaign of a 1000 MWe PWR reactor, considering approximately

30 consecutive cycles. In their study, they considered fuel arranged in three zones as well as

fresh fuel. They used a zonal fuel shuffling approach, placing fresh fuel in a selected zone.

Dynamic Programming together with FEVER (one dimensional, four energy group depletion

code) were utilized for optimization with the goal of minimizing energy production costs. In

1997, Yamamoto and Kanda [60] compared EC optimization with 10 subsequent cycles for

PWR. Their study aimed to maximize cycle length and discharge burnup, focusing on total

energy production over the cycles. Each of the optimizations was repeted 3 times and, on

average, EC optimization, provided better results than successive multicycle optimization while

being also computationally more efficient. Ziver et al. (2003) developed a GA-based optimizer

(GAOPT), coupled with the PANTHER nodal code. They applied GAOPT to the multicycle

optimization of Advanced Gas-Cooled Reactors (AGRs) at Hinkley Point B and Hartlepool.

Their approach considered up to 8 subsequent cycles, optimizing multiple objectives such as

minimizing the maximum radial form factor (RFF) and maximizing profit [88]. In a study from

2004, they extended the GA approach by integrating Artificial Neural Networks (ANNs) to

speed up the optimization process [88, 89].

2.1.4 Irradiation Scheme

The irradiation scheme is not a typical in-core fuel management problem although it is

also an important factor taken into account during planning and decision making for research

and production reactors cycles. If we think of the core design or targets configuration optimiza-

tion in terms of maximizing the isotope production, instead of, e.g. energy production, then, we

can easily categorize this problem under in-core fuel management, but with a different goals of

optimization.

Due to the diversity of isotope production techniques, it is difficult to establish a typical

definition for this problem. Most of the studies that aimed to optimize the production of selected

isotope, focused more on the design of the reactor core or the target, not the loading scheme

[90–93]. Some studies have focused on optimizing the neutron spectrum and flux by use of

shields and filters or adjusting the core configuration [94–96]. Other studies have focused on

optimizing the beam and parameters of the accelerator for optimal reaction rate [91, 93].

Meftah et al. (2006) optimized the NUR research reactor core configuration to improve

neutron flux for irradiation and ensure operational safety. The new configuration increased use-
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ful neutron flux by a factor of up to 10 and reduced irradiation costs while maintaining safety

margins [94]. In 2012, Hogle conducted a study on optimizing transuranium isotope produc-

tion in the High Flux Isotope Reactor. By perturbing the neutron flux spectrum using filter

materials, the net consumption of curium and yields of key isotopes were significantly altered.

Neural networks and GA were employed to develop an optimization framework for selecting

filter materials, enhancing the efficiency of 252Cf production [96]. In 2014, Liem proposed

the design optimization of a new aqueous homogeneous reactor (AHR) for the production of

Mo-99/Tc-99m medical radioisotopes. The study focused on minimizing the critical 235U mass

and maximizing reactor power to enhance production capacity [90]. Hedayat proposed a prac-

tical optimization method for refueling programs in research reactors using a modified version

of SA. By incorporating safety margins and using a stepwise penalty function, the method

successfully extended the refueling cycle length and enhanced neutron flux while maintaining

operational limits and safety conditions. The results demonstrated significant improvements in

refueling efficiency and neutron flux distribution, providing a practical and effective solution

for fuel management in research reactors [95]. In 2017, Kooyman et al. analyzed and opti-

mized minor actinides transmutation blankets in fast reactors, focusing on minimizing neutron

and gamma sources while maximizing transmutation performance. The study found that us-

ing a moderated spectrum in the blankets, particularly with hydrides, is beneficial [97]. In the

same year, Khotbeh-Sara conducted a study on optimizing the production of Mo-99 using a

high-power electron accelerator LINAC. The study found that a hemispherical target geometry

is more efficient, increasing photoneutron yield by 14.33% compared to cylindrical geome-

try [91]. Tsechanski (2019) conducted a study to optimize the bremsstrahlung converter for

photonuclear production of Mo-99 using Monte Carlo simulations. The study introduced an

effective bremsstrahlung efficiency criterion, resulting in a 2-2.8% increase in Mo-99 produc-

tion [98].

Daily and McDuffee (2020) conducted a study on the optimization of 238Pu production

in 237NpO2 targets irradiated at the HFIR and ATR. By varying target materials, containment

designs, and irradiation histories, the study aimed to meet NASA’s requirement for a steady

production of 238PuO2 [99]. Salyer (2022) proposed a meta-heuristic optimization framework

using Gnowee to improve the efficiency of medical isotope production through special target

design. The study utilized the FNS at the University of Tennessee to simulate neutron trans-

port and optimize target materials and geometry, resulting in an efficient production method
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for isotopes such as 64Cu [100]. In 2023, Conant conducted a neutronic design optimization

of an accelerator-driven subcritical assembly for Mo-99 production using MCNP simulations.

The study optimized reflector type, pitch, and LEU/NU mass to maximize ke f f and Mo-99 pro-

duction [92]. Chen conducted a shielding assessment and optimization for the target station

used in medical isotope production based on a superconducting proton linac. The study used

FLUKA simulations to ensure radiation protection requirements were met and achieved dose

rate reductions through optimized shielding [93].

2.1.5 Other applications

Evolutionary algorithms have been repeatedly used for many other optimization appli-

cations related to ICFM, core design, nuclear power plants, and nuclear engineering.

Zhao, Edwards, and Lee (1997) developed a hybrid feedforward and feedback control

system for nuclear steam generators using GA. This system enhances performance and robust-

ness across various operational conditions [101]. Schlieck et al. (2001) focused on optimizing

gadolinia as BA for in-core fuel management in Pressurized Water Reactors (PWRs). The

study presented optimized gadolinia concepts that are technically feasible and economically

beneficial, resulting in higher fuel assembly discharge burnup, better power distribution, and

effective control of excess reactivity [102]. Kim (2010) applied evolutionary algorithms to

radiation shielding design, highlighting the improvements in shielding effectiveness and ma-

terial utilization [103]. Chen (2019) and Ying (2016) further applied evolutionary algorithms

to radiation shielding design, achieving notable improvements in design efficiency and effec-

tiveness [104, 105]. Pevey et al. (2020) used GA to optimize the design of a coupled fast and

thermal Fast Neutron Source. By adjusting core components to maximize neutron flux while

maintaining criticality, the study significantly reduced the need for expert input and design

time [106]. Solans (2021) investigated the optimal arrangement of spent fuel in storage casks

using evolutionary algorithms, resulting in improved storage efficiency and safety [107]. Liu et

al. (2022) expanded the application of evolutionary algorithms to the design of space nuclear

reactors and other components of nuclear power plants, such as steam generators [108, 109],

pressurizers [110], and passive thermal-hydraulic safety systems [111]. Rafiei (2022) also con-

tributed to this field by optimizing space nuclear reactor design [112]. Xu et al. (2022) presented

an NSGA-II algorithm-based Linear Quadratic Gaussian (LQG) controller design for nuclear

reactor power control. This approach demonstrated enhanced performance in terms of response

speed, accuracy, stability, and robustness in PWRs [113]. Andersen and Kropaczek (2023) in-
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troduced MOOGLE, a genetic algorithm-based tool for 3D design optimization of nuclear fuel

assemblies. The research highlighted MOOGLE’s ability to produce optimized solutions by

balancing trade-offs between different fuel elements, demonstrating its flexibility and effective-

ness in fuel assembly design for both PWRs and BWRs [114].

2.2 Reactor Type

Similar to the proportions of nuclear reactors operating worldwide, most studies on the

optimization of ICFM problems focus on PWR. A smaller portion of the research is dedicated

to BWR, research reactors, and Generation IV technology. This Section briefly presents the

characteristics of the problems considered along with the current state of research, categorized

by the selected reactor type.

2.2.1 PWR

Optimizing the loading pattern (LP) of a Pressurized Water Reactor (PWR) involves

managing numerous constraints and variables, making it a complex challenge. The main goal is

to minimize fuel cycle costs while adhering to constraints like power peaking factors, reactivity

bounds, maximum enrichment, power density, burnup limits, and shutdown margins. One key

challenge is ensuring a negative moderator temperature coefficient (MTC) at higher powers,

which often requires burnable absorbers (BA) to flatten power distributions and reduce soluble

boron concentration. PWR typically use both integral and discrete BA, such as gadolinia and

erbium oxide, to manage reactivity [82].

Many studies, particularly the earliest ones, have focused on simplified problems with

a generic PWR featuring three different types of FA or different sectors with varying degrees

of enrichment or burnup [63, 67, 118]. In the literature, there is a number of papers addressing

specific plant designs or existing, operational plants. Table 2.1 summarizes the studies men-

tioning the analyzed technologies. Hongchun (2001) analyzed the reloading optimization of the

AC-600 model PW, aimed to minimize PPF and maximize soluble boron concentration [115].

In 2006, Gozalvez et al. conducted a sensitivity study on the TMI-1 reactor, using a hybrid

GA with Neural Networks. Their study focused on optimizing the fuel assembly parameters to

maximize cycle length and minimize gadolinium usage while maintaining power limits [116].

Babazadeh et al. (2009) optimized the fuel core loading pattern of a VVER-1000, a Russian-

type PWR, using PSO. The algorithm successfully maximized the core ke f f and minimized the
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Name of the
reactor

Year Type Optimization goals Optimization
Algorithm

Ref.

Westinghouse
three-loop
core

1996 SR Minimize power peaking,
fresh fuel and BP
inventories, maximize
cycle length

Non-
dominated GA

[63]

Cylindrical
3-enrichment-
zone generic
PWR

2003 SR Minimize average
peak-factor, maintain
constraints on thermal
flux, criticality, and
sub-moderation

Island GA [67]

AC-600 PWR 2001 Design Minimize power peaking,
maximize boron

GA [115]

TMI-1 PWR 2006 Design Maximize cycle length,
minimize Gadolinium

GA-NN [116]

VVER-1000
PWR

2009 EC Maximize Keff, minimize
power peaking

PSO [86]

CHASNUPP
Unit-1

2014 FC Flatten power density SA, GA,
hybrid
GA(SA)

[73]

100 kWe
space reactor

2022 Design Minimize cost, power
peaking

GA, PSO [112]

Almaraz II 2022 EC Optimize cycle length,
keff, power peaking

GA [4]

APR1400 2022 FC Minimize fuel cost EA, SA [117]

APR1400 2023 EC Minimize Pin Peaking
Factor

SA [87]

Table 2.1: Summary of selected PWR optimization studies.

local PPF [86]. A hybrid optimization approach using SA and GA was proposed by Zameer et

al. (2014) to optimize the core loading pattern of the Chashma Nuclear Power Plant (CHAS-

NUPP) Unit-1, a 300 MWe PWR [73]. In 2022, Rafiei and Ansarifar utilized both GA and PSO

to design and optimize the fuel composition of a 100 kWe space nuclear reactor. Optimization

of reactors for space applications [103,112] is particularly important due to their limited allow-

able mass and volume, where every gram and cubic centimeter matters and can significantly

impact the feasibility of the project and the final costs. Their new design showed improved

reactivity and safety compared to existing configurations [112]. Rodrigues et al. (2022) applied
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GA to find the EC for the Almaraz II Nuclear Power Plant. This optimization identified an op-

timal loading pattern that met physical conditions and 240 days cycle [4]. Umarov et al. (2022)

focused on optimizing the initial core parameters of the APR-1400 PWR using an evolutionary

algorithm and SA. They achieved a cost-efficient, high burnup initial core model meeting safety

and economic requirements [117]. In 2023, Hudayi et al. used SA to optimize the EC for the

APR1400. Their study aimed at flattening the power distribution [87].

2.2.2 BWR

Boiling Water Reactors (BWR) face unique challenges in nuclear fuel management com-

pared to PWR. As water in BWR boils, two phases — liquid and gas, appear in the core simulta-

neously, the axial power distribution plays a crucial role and requires full 3D modeling coupled

with thermal solvers.

The fuel assemblies of BWR are about 40% smaller compared to PWR and are typically

composed of 8×8 or 9×9 grids of fuel rods [7,119]. Unlike PWR assemblies, BWR assemblies

contain various levels of enrichment within the same assembly. Specifically, less enriched fuel

is placed at the corners of the assembly to compensate for additional water gaps [7]. BWR use

around 750 FA compared to around 200 in PWR [7], increasing the search space and further

complicating the problem. BWR do not have traditional control rods. Instead, they use cross-

shaped control structures inserted from the bottom between the assemblies. Due to boiling water

in the reactor, it is impossible to use soluble boron because it dissolves well in water vapor and

would deposit on the turbine [119]. Therefore, BWR require precise control over reactivity and

spatial power distributions using control elements and BA, like gadolinia. The shutdown margin

(SDM) for BWR must ensure subcriticality under cold conditions, even with one control rod

stuck, whereas PWR use soluble boron to manage SDM at hot zero power (HZP). BWR need to

carefully manage the placement and burnup of fuel assemblies and BA, integrating the control

rod program (CRP) with the loading pattern. This fuel management is more complex than in

PWRs, where soluble boron simplifies reactivity control [82].

The presence of two fluid phases in the core, multi-enrichment of fuel assemblies, lack of

soluble boron, and the coupling of control element movement with loading configuration make

practical patterns and fuel management more complex in the case of BWR. Due to the higher

complexity of the problem and the smaller number of BWR plants in the fleet, the topic of BWR

ICFM is less frequently addressed in the literature. It often focuses more on the optimization of

the fuel assembly design itself. Table 2.2 summarized selected applications.

36



Reactor
name/type

Year Type Optimization
goals

Optimization
Algorithm

Reference

ABWR
1356 MWe

2002,
2003

SR Minimize keff
deviation, power
peak, FLCPR,
LPD

Two-stage GA [69, 120]

Laguna Verde
Nuclear Power
Plant (LVNPP)

2009 SR Optimize loading
pattern for 10th
cycle

GA [72]

LVNPP with
MOX fuel

2011 EC Maximize energy
production, meet
thermal and
reactivity
margins

GA [121]

General BWR 2021 Design Maximize Cycle
Length, minimize
power peaking
factor

RL [65]

PWR and BWR
fuel assembly

2023 Design Minimize peak
pin power,
maximize
end-of-cycle
reactivity

GA [114]

Table 2.2: Summary of selected BWR optimization studies.

Kobayashi and Aiyoshi, in their works from 2001 and 2002, presented a two-stage (LP +

CRP) GA for optimizing fuel management in BWR. This approach incorporated heuristic rules

to enhance performance, focusing on minimizing the deviation of the effective multiplication

factor (ke f f ), reducing power peaks, and maintaining Fraction of Limiting Critical Power Ratio

(FLCPR) and Limiting Power Density (LPD) below the limits [69, 120]. In 2009, Martín-

del-Campo et al. proposed a flexible GA using a binary representation for BWR fuel loading

pattern optimization. This method included heuristic functions to enforce positioning rules and

objective functions evaluating neutronic and thermal-hydraulic parameters [72]. François et al.,

in 2011, optimized an EC for a BWR loaded with MOX fuel and minor actinides. Their goal

was to maximize energy production while meeting thermal and reactivity constraints. The GA

they used, achieved a 5% increase in energy output, improving shutdown margins and overall

energy efficiency [121]. Radaideh et al. (2021) explored the use of reinforcement learning

(RL) for nuclear assembly design optimization. They compared RL to stochastic optimization
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algorithms such as GA and SA. The objective was to maximize cycle length while adhering to

safety and economic standards. RL algorithms showed better performance in high-dimensional

problem spaces, highlighting their potential n nuclear fuel assembly design [65].

2.2.3 Research Reactors

Research reactors are mainly pool-type and low-power reactors, designed not for energy

production but to provide a high-density neutron flux for materials and isotope research, ra-

dionuclide production, as well as for training and educational purposes. Due to their low power,

these reactors do not usually face issues with power distribution or need to maximize burnup,

and other challenges encountered by commercial reactors in nuclear power plants. Due to the

diversity of technologies and applications of research reactors, and their experimental nature,

it is difficult to identify typical optimization problems and their characteristics for this group.

Below, selected studies available in the literature are briefly described.

Binh et al. (2014) introduced a binary mixed integer coded GA for LPO in the TRIGA

MARK II research reactor. The algorithm aimed to maximize ke f f and minimize the PPF,

successfully finding optimal LP that met operational and safety constraints [74]. Phan et al.

(2019) conducted a comparative analysis of GA and Differential Evolution (DE) for optimizing

the ICFM strategy of the DNRR (Dalat Nuclear Research Reactor). The study found that DE

showed higher stability and efficiency in exploring the search space compared to GA, which

were prone to trapping in local optima [122]. Shaukat et al. (2021) proposed a multi-objective

LPO for the Pakistan Research Reactor-1 (PARR-1) using a modified GA coupled with Monte

Carlo methods. The optimization aimed to maximize the ke f f and thermal neutron flux while

keeping low PPF [79].

In the context of research reactor optimization, it is more common to encounter design

optimization (of the reactor, assembly, or experimental setup) for specific applications, e.g.

material studies [96, 123] or isotopes production [90, 96, 100], by maximizing the neutron flux

[79] or increasing the proportion of fast neutrons in the neutron spectrum [123].
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Reactor
name/type

Year Type Optimization goals Optimization
Algorithm

Ref.

NUR 2006 Design Maximize neutron flux
and ensure safety
margins

No algorithm [94]

High Flux
Isotope Reactor
(HFIR)

2012 Reload Optimize production of
252Cf

GA, NN [96]

TRIGA MARK
II

2014 Reload Maximize keff and
minimize PPF

Binary mixed
integer coded
GA

[74]

AHR 2014 Design Minimize critical
U-235 mass and
maximize reactor
power

- [90]

DNRR (Dalat
nuclear research
reactor)

2019 Reload Maximize keff and
minimize radial power
peaking factor (PPF)

DE, GA [122]

Tehran Research
Reactor (TRR)

2020 Design Enhance fast neutron
irradiation

- [123]

High Flux
Isotope Reactor
(HFIR) and
Advanced Test
Reactor (ATR)

2020 Design Optimize production of
238PuO2

MCNP,
ORIGEN,
ADVANTG

[99]

Pakistan
Research
Reactor-1
(PARR-1)

2021 Reload Maximize keff and
thermal neutron flux

MGA, MC [79]

Fast Neutron
Source (FNS)

2022 Design Optimize isotope
production target
design

Gnowee [100]

Table 2.3: Summary of optimization studies on various research reactors.

2.2.4 Gen-IV Reactors

Fourth-generation reactors (Gen-IV), such as the sodium fast reactor (SFR), breeding

reactors, and thorium reactors, have been analyzed several times as subjects for optimization.

Due to their more design-oriented stage rather than operational, optimization has usually been

considered at the level of the technology’s design. Due to the diversity of Gen-IV reactor tech-
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nologies and the limited number of examples in the literature, it is difficult to identify general

trends or problems that have been the focus of optimization within this group. In 2015, Ku-

mar and Tsvetkov proposed a modular approach that combines GA with regression analysis to

optimize the design of a gas-cooled fast breeder reactor. The study focused on achieving high

breeding of U-233 and Pu-239, desired ke f f , and high thermal efficiency while maintaining

a constant total fuel mass [124]. Kooyman et al. (2017) analyzed and optimized minor ac-

tinides transmutation blankets in fast reactors. Their focus was on reducing neutron and gamma

sources while maximizing transmutation performance. The study found that using a moderated

spectrum in the blankets, particularly with hydrides, is beneficial [97]. In 2021, Li et al. con-

ducted a study comparing ten different GA selection strategies for LPO in thorium-based high-

temperature gas-cooled reactors (HTGRs). The study considered different sorting strategies for

single-objective and multi-objective optimization [77]. The same year, Żurkowski et al. applied

GA to optimize the fuel isotopic inventory and boron shield distribution in a sodium-cooled fast

reactor (SFR). The study demonstrated improvements in managing sodium void reactivity and

minimizing long-lived actinides, although maintaining criticality posed some challenges [125].

In 2023, Lima-Reinaldo and François employed GA to optimize the fuel loading pattern of

the ALLEGRO experimental fast reactor. Their research integrated GA code with the ERA-

NOS 2.3 deterministic neutronic simulation code, utilizing a penalty function method to handle

multi-objective combinatorial optimization. Through advanced crossover operators, such as the

Partially Mapped Crossover and the Order Crossover (crossover based on ordered population),

alongside random mutations, the study achieved improvements in operational cycle length while

adhering to constraints on PPF, excess reactivity, and linear heat generation rates [81].
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3 Optimization of the Single Cycle Problem

3.1 Westinghouse PWR Core

3.1.1 BEAVRS Benchmark

The considered core is based on the BEAVRS benchmark (Benchmark for Evaluation

And Validation of Reactor Simulations) published by the MIT Computational Reactor Physics

Group [1], [126]. It defines a reactor model based on a real 4-loop Westinghouse PWR nu-

clear power plant with a thermal power of 3411 MWth (Table 3.2). The first fuel cycle of the

BEAVRS model is used as a reference case in this study, and its original loading scheme is

shown in Figure 3.1. The core consists of 193 fuel assemblies arranged in a 17×17 grid. There

are nine types of fuel assemblies with three enrichments (1.6, 2.4, 3.1 wt%) and varying popu-

lations of burnable absorbers (BA) in the form of borosilicate rods: 0, 6, 12, 15, 16, or 20 per

assembly (Figure 3.1). The types of assemblies used in this work are limited to those used in

the first cycle of the BEAVRS model (Table 3.1).

Figure 3.1: Scheme of the first loading of the core from the BEAVRS benchmark [1]. Colors
correspond to different enrichment levels, and numbers indicate the number of rods with burnable

absorbers.
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Designation Enrichment [%] Number of BA rods Total number of assemblies

FA1 1.6 0 65

FA2 2.4 0 4

FA3 2.4 12 28

FA4 2.4 16 32

FA5 3.1 0 32

FA6 3.1 6 12

FA7 3.1 15 4

FA8 3.1 16 8

FA9 3.1 20 8

Table 3.1: Fuel assemblies (FA) in the BEAVRS model [1], numbered from FA1 to FA9, their
enrichment, number of BA rods, and the total number of FA of a given type used in the model.

Figure 3.4 presents a general scheme of a fuel assembly used in the BEAVRS core. Each

fuel assembly consists of a 17× 17 grid of pins (rods in each fuel assembly) with a diameter

of about 1.16 cm each, surrounded by a zirconium cladding with a thickness of 0.4 mm. De-

pending on the assembly design, the rods may contain fuel with enrichments from 1.6 to 3.1 %,

burnable absorber material, or an empty channel for control rods or measurement equipment

(Table 3.2). For different assemblies, available channels may contain from 0 to 20 rods with

burnable absorbers (positions G in Figure 3.2), or remain empty (filled with water). The central

rod never contains an absorber and is intended for measurement equipment (position I in Fig-

ure 3.2) [1]. The characteristics of the used assemblies in the model are presented in Table 3.1.

Selected core construction details are shown in Table 3.2.

3.1.2 Numerical Model

To solve the static criticality eigenvalue problem (see Section 1.2.2) along with isotopic

burnup, a two-stage SCALE-PARCS methodology was employed. Simulations were performed

using SCALE 6.1.2 and PARCS 3.2 codes [128], [129]. The TRITON/NEWT code [128] (a part

of the SCALE package) was used to solve neutron transport and nuclide evolution equations for

each element defined on a two-dimensional grid. The GenPMAXs generator was used to gener-

ate multigroup PMAXS cross-section libraries. The SCALE code used the ENDF/B-VII library

with 238 neutron groups, and the results were used to generate data in two energy groups in

the PMAXS libraries. Then, the PARCS code, along with the prepared libraries, was used as a
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Core:

Number of fuel assemblies: 193

Assembly configuration: 15×15

Core radius: 193.7 cm

Inner pressure vessel radius: 219.7 cm

Outer pressure vessel radius: 241.3 cm

Mass of fuel in the first loading: 81.1 Mt

Active length: 365.8 cm

Design pressure: 15.51 MPa

Thermal power: 3411 MWth

Flow rate: 6.15 ·106 kg/h

Fuel Assemblies:

Number of fuel rods: 264

Rod configuration: 17×17

Assembly grid pitch: 21.5 cm

Rod grid pitch: 1.26 cm

Enrichment: 1.6; 2.4; 3.1 % wt

Number of BA rods: 0, 6, 12, 15, 16, 20

Control Rods:

Number of assemblies: 57

Control rod material: B4C, Ag-In-Cd

Total number of BA rods: 1266

BA rod material: B2O3

Table 3.2: Operational and design data of the PWR core described in the BEAVRS benchmark [1].
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Figure 3.2: Scheme of a single fuel assembly from the BEAVRS benchmark [1]. Notations: G - guide
tube, space for additional elements (rods with absorbers, control rods), I - instrument tube space for

possible measurement equipment. Blue elements represent fuel rods.

three-dimensional core simulator solving neutron transport equations with a diffusion approx-

imation (Equation 1.9) on a 17× 17× 22 grid, using the PATHS code for thermal-hydraulic

process modeling [129], [130]. Details of the two-stage methodology and the PARCS reactor

model used in this work, the modeling approach, and its verification for the first BEAVRS cycle,

are described in [129]. Detailed core construction data is available in [1, 126].

The PARCS core model grid has the same arrangement as the core configuration (Fig-

ure 3.3), where one radial grid node (nodes on the core plane) corresponds to one assembly.

The axial division (split along the core height) consists of 20 equally spaced levels of the active

core part (fuel part) and additional two parts of the reflector, upper and lower.

Fuel cycle simulations using PARCS were conducted for the full core power state equal

to 3411 MWth. For simplicity, power maneuvering was not considered in the model. Addition-

ally, all control rods were fully withdrawn from the core - the All Rods Out (ARO) state. This

simplified the problem and eliminated any differences arising from the presence of control rods.

All cases were computed for a fixed final simulation time of 600 days, which was sufficiently

large to ensure that no configuration would have a longer cycle length. The core was simulated

in a xenon/samarium equilibrium state, meaning transient states for Xe/Sm were not considered.

This is the reason why the xenon peak is not present in the evolution of ke f f for the entire core

in subsequent chapters. This approach primarily reduced computation time. Additionally, the

transient state associated with xenon concentration changes during full power operation only

affects below 0.5 GWd/tHM. Therefore, no differences were observed in calculations between

simulations with transient states for Xe and Sm and those without them for later parts of the

cycle, and these parts plays a crutial role from the optimization standpoint.
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Figure 3.3: Layout of the BEAVRS core model [127].

The impact of boric acid and its concentration was not investigated in this work, and the

concentration was set to 0 ppm in all simulations. In this case, all simulations were performed in

criticality mode, i.e., by determining the critical value of ke f f . Simulations without boron were

conducted to eliminate differences caused by its presence and to avoid excessive extrapolations

by PARCS in PMAXS libraries, which can easily disrupt code operation. During simulations

of thousands of random core configurations with the critical concentration search mode, it is

easy to reach states with non-physical boron concentrations below zero or above solubility

limits, generating non-physical solutions and/or disrupting the convergence of calculations. To

indicate possible differences, the reference first BEAVRS fuel cycle was calculated using the

criticality search algorithm [129].

In Figure 3.5, reactivity obtained by determining ke f f is compared with the boron acid

concentration curve obtained using the critical concentration search algorithm [127, 129]. Both

curves are normalized to the initial reactivity value determined by the boron acid method. The

plot shows differences resulting from the use of the ke f f search mode. There is a relatively small

deviation, especially in the initial 2/3 of the cycle, later the difference disappears. For boron

acid calculations, the end of the cycle is 334.1 days, and for the ke f f case, it is 333.7 days.

The difference is therefore 0.4 days (around 0.1 %). The length of the fuel cycle is practically

the same for both calculations, and the presence of boron will have a negligible impact on the
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Figure 3.4: Preparation of the PARCS model [127].

algorithm’s operation. In criticality mode, the end of the cycle occurs when ke f f → 1.0, and for

the boron search mode when the boron acid concentration → 0.0 ppm.

3.2 Genetic Algorithm Implementation

This section describes the development and application of a genetic algorithm (GA) and

numerical tool dedicated to the fuel management process in a nuclear reactor core. The devel-

oped solutions are tailored for nuclear power plants with PWR-type reactors. The algorithm has

been tested on the first core cycle described in the BEAVRS MIT benchmark [1]. The analysed

problem involved finding the initial core loading pattern that maximizes the fuel cycle length

under additional predefined operational constraints: reactivity/effective multiplication neutron

factor margin, power distribution flattening, the number of rods with burnable absorbers, and

average enrichment.

3.2.1 Genetic Operators

As mentioned in Section 1.3.1, Genetic Algorithms operate on data matrices, and a given

core configuration can be directly transformed into a two-dimensional array (chromosome) con-
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Figure 3.5: Comparison of calculations in criticality mode and with the search for boron acid
concentration.

taining numbers corresponding to a specific type of fuel assembly. In the following section, the

key components of GA will be briefly described: the chromosome structure, the fitness func-

tion, and the three main genetic operators, namely selection, crossover, and mutation.

Chromosome

In the considered case, the chromosome is represented as a two-dimensional matrix reflecting

the current core arrangement. Figure 3.6 shows an example of a chromosome used in simula-

tions. The algorithm was implemented for a 1/4 part of the core, which was then symmetrically

mirrored to construct a full core with 1/4 symmetry. Since the complexity of finding an optimal

core configuration decreases exponentially with the number of fuel assemblies [131], assuming

symmetry significantly reduces the searched space of possible solutions, and the time needed

for the algorithm to reach the optimum is shortened. From a design perspective, core loading

patterns typically have 1/4 or even 1/8 symmetry. Consequently, the applied symmetry assump-

tion seems reasonable, significantly simplifying the problem and improving computational ef-

ficiency. It’s worth mentioning that the original BEAVRS core also had an assumed symmetry.

However, in the literature, it is suggested that symmetry is not always necessary [37] and may

lead to the rejection of potentially good solutions. To demonstrate the impact of the symmetry

assumption on the problem’s complexity and solvability, this study also considered the case of

complete asymmetry.
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Figure 3.6: Chromosome representing a 1/4 core configuration of the BEAVRS model, numbers 1-9
corresponds to the FA described in Table 3.1, grey region is the reflector and black region is void.

In Figure 3.6, numbers 1 through 9 refer to fuel assemblies with three different en-

richments (blue, orange, and brown), while the shade of each color symbolizes the number of

burnable absorber rods inside the assembly. The grey area represents the reflector, and the black

area is the void. This set of numbers (genes) arranged in a matrix (chromosome) of size 8×8

is called a genotype, and the set of features of such a chromosome (cycle length, ke f f , etc.) is

called a phenotype.

Fitness Function and Selection Method

The Fitness Function (FF) is a crucial parameter in GA operations because the probability of

selecting a chromosome for further processing depends on its fitness function value (in gen-

eral, the higher the FF, the greater the probability). In this part of the work, six simulations

were conducted with different assumptions and forms of the fitness function, but the main

goal was to maximize the cycle length while optimizing and/or preserving other operational

and safety parameters at the same time. Selection can be implemented in various ways; how-

ever, it usually relies on determining the FF of a given chromosome and comparing it with

others. The basic method is the roulette method, where we sample N new chromosomes

with a probability proportional to their FF values. This simple method is sufficient in many

cases, e.g., [132], [133], [134]. Specifically, when FF values are too similar to distinguish in

the roulette wheel method, other variants of selecting a new generation can be applied, such

as tournament [135], [136], [137], where we compare two or more chromosomes, or rank-

ing [138], [139], where the possibility of choosing a chromosome depends on its position in the

list sorted by FF. In this part of the study, the roulette wheel method and its modified version

were used (described in Section 3.2.4).
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Crossover

Crossover involves exchanging data subarrays between chromosomes (parents) to create new

ones (offspring). As a result, these chromosomes inherit a combination of genes from their

parents, and this combination may potentially lead to a better solution. The easiest way to

implement crossover is to randomly select one e.g., [132], [133], [136] or two [135], [140],

[138] intersection points and exchange subarrays between parents separated by this point or

points. In this study, a modification was applied in the form of a two-dimensional chromosome,

and crossover was carried out in two stages. In the first step, the intersection point (x,y) is

randomly selected from a uniform discrete distribution x ⊂ ⟨2;D⟩ and y ⊂ ⟨2;D⟩ (where D is

the chromosome size). This way, the chromosome is divided into four parts, and one of the

parts (randomly selected again using a uniform distribution) is exchanged between parents (see

Figure 3.7).

Figure 3.7: Crossover scheme.

Mutation

Mutation is a simple but extremely important GA operator. It plays a crucial role in later genera-

tions, where the population’s diversity is reduced [141]. Mutation involves randomly changing

a selected element in the chromosome. This simple operation allows further exploration of

solution space, which is inaccessible by using the crossover operation only. Mutation can be

implemented in various ways. In the literature, solutions can be found where the mutation level

is constant [136], [137] or changes in time [133], [138]. In this study, the simplest option was

chosen, so the mutation probability was constant over the optimization steps and the same for
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each population member. Depending on the case under consideration, the mutation probability,

denoted as pm, meant: for Cases 1-5, the probability of replacing a single gene with another

(randomly chosen), and for Case 6, the probability of replacing two randomly chosen genes in

a given chromosome (see next Section 3.2.3).

3.2.2 Genetic Variance

In order to monitor the course of the simulation, not only on the basis of the achieved

fitness function, an indicator was defined that described the diversity of individuals in the current

population. This indicator was based on the definition taken from [142] and consistently called

“genetic variance” (diversity), described by the formula:

S =
1

ntot

N

∑
k=1

N

∑
l=k+1

∑
i, j
(1−δsk

i, j,s
l
i, j
), (3.1)

where δ is the Kronecker delta, si, j represents the gene (assembly) i, j in the cores k and l

compared with each other, N is the size of the population, and ntot =
1
2N(N − 1) · d2 is the

number of all comparisons made in total, d is the size of a single chromosome. Then, the

variance S is a normalized sum of differences between all individuals in a given population.

S equals to 1 for a population in which each individual in the population is different from the

others as to a single gene (no gene repeats at any position) and 0 for the population completely

dominated by one individual.

3.2.3 Considered Scenarios

In this section, six versions of the algorithm are described. The versions are based on the

same model and genetic operators, but different form of FF, aiming at optimizing from different

perspectives. Case 1 is a test scenario assuming the simplest form of the FF, focusing solely

on cycle length maximization. Cases 2-4 deal with multiparameter optimization, aiming to ex-

tend the cycle while simultaneously optimizing and/or maintaining selected parameters within

a specified range. Case 5 tested the possibility of achieving the most even power distribution,

defined in this study as the second most important optimized feature (this scenario was the only

one not related to cycle length). Case 6 was a combination of Case 1 and 5, aiming to extend

the cycle and achieve an even power distribution.
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General fitness function

For Cases 1-4 and 6, the general FF had the form:

FF =

(
d
α

)β

. (3.2)

The parameter β represents sensitivity, while α is a penalty parameter whose form depends on

the selected scenario. The sensitivity parameter is either constant or adjusted by the algorithm

in scenarios using variance control. The value d is the cycle length determined by the PARCS

core simulator. In cases where ke f f = 1.0 is between computational points n and n+ 1, the

parameter d is linearly interpolated:

d = dn +(1− kn) ·
dn+1 −dn

kn+1 − kn
. (3.3)

This solution is justified for the studied cases due to the linear evolution of the eigenvalue ke f f

over time (Figure 3.5). It has been additionally tested for a 20-day time step compared to calcu-

lations for a one-day time step at the end of the cycle (EOC). The difference between the 20-day

time step (the largest applied step at the end of the cycle) and the same case calculated based on

a one-day time step was 0.05 days ( 0.01%). It was shown that linear interpolation is reasonable,

and differences of this magnitude can be considered negligible in the context of calculation un-

certainties. In reality, other and potentially larger sources of uncertainty are more significant

here, especially considering nuclear data, diffusion approximation applications, multigroup ap-

proximations, and simplified solutions (see Section 1.2.2).

Despite the acknowledged inaccuracy of calculations, the applied precision for the cycle

length calculation (two decimal places), which is far beyond the accuracy of the calculations, is

essential for the distinctiveness of individuals. It is important for the correct functioning of the

algorithm that the applied methods do not introduce additional variability, which could occur,

for example, when rounding the cycle length to single days.

Case 1: Cycle Length Maximization and Algorithm Testing

The first set of simulations and the algorithm design were intended to maximize the fuel cycle

length with a minimal set of constraints. The only constraint was that the algorithm could use

only nine types of fuel assemblies used in the first BEAVRS fuel cycle. In this case, the Fitness

Function takes the form of Equation 3.2 without modifications. In this case, α = α0 = 102, (to
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scale d value which is in hundreds of days) and β can either have a constant value or be changed

by the algorithm through the variance control method, depending on the situation. Then:

FF1 =

(
d
α0

)β

. (3.4)

The first intuitively deduced solution for the optimal loading might be the maximization of the

initial fissile material mass and the removal of all absorbers, thus using fuel assemblies enriched

only by 3.1% and without burnable absorbers (see FA5 in Table 3.1). Nevertheless, due to the

presence of burnable absorbers with different burnup rates, the evolution of the core eigenvalue

may proceed in a non-intuitive or complicated way. As a result, the optimal solution may not

be trivial even for such a simple FF form. Other, more optimal solutions cannot be excluded.

To explore this issue, additional simulations were conducted for the entire core with only one

type of fuel assembly (see Section 3.2.5). As the simplest of the considered problems, Case 1

was used as a reference point for the algorithm. Simulations were conducted to test the impact

of chromosome population size on generation, the total number of generations, the impact of

mutation probability, statistically verify the repeatability of algorithm operation, and to test the

proposed variance control method (Section 3.2.4).

Case 2: Cycle Length Maximization and ke f f Constraint

The second type of simulation was conducted with a constraint on ke f f to a specified maximum

value. In this study, the total weight of control rods was taken as the limiting factor. For the

reference BEAVRS core, the rod weight was calculated for different states, and it was estimated

that the lowest value was about 7700 pcm. To maintain some margin, it was assumed in the

simulations that the limit for the weight of control rods is 7500 pcm. Additionally, it was

assumed that for operation at full power (Hot Full Power - HFP), subcriticality is guaranteed

by ke f f = 0.99 for the state with all rods in the core (All Rods In - ARI). Consequently, the

eigenvalue is limited by kmax
e f f = 1.07 and corresponds to the state where all rods are withdrawn

from the core (All Rods Out - ARO). In this case, the FF was modified by a penalty factor

related to exceeding the allowable value of ke f f :

α := αk = α0 ·
(

1+
k1 −max(k)

k2 − k1

)γ

, (3.5)

where α0 = 102 is the scaling factor, k1 = 1.07 is the upper limit of ke f f , k2 = 1.22 is the
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maximum ke f f that the analyzed model can achieve, determined by filling the core with the

most enriched fuel assemblies (FA05). The value max(k) is the maximum ke f f in the full cycle

of a given chromosome (core model), and γ = 2 is the penalty influence coefficient, selected to

moderate the influence of the penalty. Then:

FF2 = dβ ·
[

α0 ·
(

1+
k1 −max(k)

k2 − k1

)γ]−β

. (3.6)

Case 3: Cycle Length Maximization with Maintaining Average Enrichment

The third set of calculations involved an algorithm aiming to maintain a constant fissile material

mass (average enrichment) relative to the fissile material mass in the BEAVRS core. These

simulations aimed to find a configuration that maximizes the use of nuclear fuel and improves

cycle economics. For simplicity, for the analyzed problems, the mass value is relative, and the

primary parameter used in the fitness function is the average enrichment in all assemblies. It

was assumed that the average enrichment is equal to the weighted average of the number of

assemblies of a given type:

Ê =
∑i Ni ·Ei

∑i Ni
, (3.7)

where Ni is the number of assemblies of type i and Ei is its enrichment level. This simplification

leads to the conclusion that the mass of heavy metal (uranium 235U +238 U) in each assembly is

the same. In reality, there are small differences in uranium mass between assemblies, and there

is a slight mass difference between isotopes. For simplicity, these differences have been omit-

ted, as all fuel assembly construction parameters are the same, fuel assemblies have the same

number of fuel rods, and burnable absorber rods are placed only in the guide tube locations, not

disturbing the total mass of the fuel. In this case, the parameter α was modified to account for

the penalty coefficient for excessive use of fissile material:

α := αE = α0 ·
(

1+
Ê −E0

E0

)γ

. (3.8)

Again, α0 = 102 is the scaling factor, γ = 2 is the penalty influence coefficient, Ê is the average

enrichment of a given chromosome, and E0 = 2.36% is the average enrichment of the BEAVRS

model. Then:

FF3 = dβ ·

[
α0 ·

(
1+

Ê −E0

E0

)γ
]−β

. (3.9)
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Case 4: Cycle Length Maximization with Fixed Population and Asymmetry

This case involves solving the core loading scheme problem without changing the number of

assemblies of a given type and imposing no core symmetry. As a result, only the locations

of fuel assemblies are optimized not their type selection. The optimization goal is the cycle

length extension. Other important core parameters, such as power distribution unevenness and

reactivity margin, were not analyzed; thus, the solution should be treated with the appropriate

perspective for the actual core design presented in BEAVRS. This case aimed to analyze the

algorithm’s capability to search for solutions without a predefined symmetry and using fuel as-

semblies available in the BEAVRS model (while maintaining the number of fuel assemblies of

a given type). In this case, the algorithm solved the fuel assembly permutation problem in the

core, with the goal of maximizing the cycle length. The fitness function then took the form of

Equation 3.2, for which α := α0 = 102. However, since it can be expected that after applying

the crossover operator, the number of fuel assemblies of a given type will no longer be constant,

an additional algorithm was implemented. The Partially Mapped Crossover [143] method was

applied, and it is based on the idea of exchanging fuel assemblies outside the crossover region to

maintain a constant number of fuel assemblies of a given type in the entire chromosome. Since

mutation potentially could also disturb the number of fuel assemblies of a given type in the

core, it was implemented as a random exchange of positions of fuel assemblies, not a random

exchange of a fuel assembly for another (as in the case of other scenarios).

Case 5: Power Distribution Evenness Minimization

In this part of the study, it was decided to only minimize the unevenness of the power distri-

bution, defined in this work as the second-most important parameter necessary for the optimal

functioning of the core. The unevenness of the radial power distribution of a given configura-

tion was determined by the maximum value of Pxy - Power Peaking Factor (PPF) in the form

of Equation 1.24, determining the ratio of power in a given node (fuel assembly) to the average

power in the core. In this case, lenght of the cycle was not considered and the fitness function

took a simplified form:

FF5 =

(
1

PPF

)β

(3.10)

where PPF = Pxy is the maximum radial power peaking factor of a given configuration, deter-

mined by PARCS calculations [5] (see definition in Section 1.2.4).
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Case 6: Power Distribution Optimization and Cycle Length Maximization

Case 6 is a combination of Cases 1 and 5. Its goal was to extend the cycle while simultaneously

reducing the unevenness of the power distribution. The fitness function then had the form:

FF6 =

(
d

PPF

)β

, (3.11)

where d is the cycle length, and PPF is again the maximum power peaking factor.

3.2.4 Population Variance Control Method

Over the simulation, the algorithm gets rid of weaker chromosomes and promotes the

better ones. Therefore, it is obvious that the differences between chromosomes will blur with

time, so the often-used roulette method may prove to be insufficient. To prevent this, a new

method was proposed in this study, which was based on ongoing control of the form of the FF

in order to ensure appropriate differentiation between the chromosomes. In this method, FF is

raised to the βVC power:

FFVC = FFβVC , (3.12)

and FFVC is then used for the standard roulette method. βVC is controlled depending on the

level of the relative standard deviation (RSD) of chromosomes’ FFs in the current population

(population is indicated by t index). If RSD in the given step (σt) is below a certain threshold

(σmin), the algorithm increases βVC parameter, thereby highlighting the difference in FFs. This

method enables the algorithm to "notice" even small changes, important in terms of finding the

optimal solution. So if σt < σmin, the increase in the exponent was determined by the following

principle:

β
t+1
VC = β

t
VC ·

(
1+

σmin −σt

σmin

)
, (3.13)

where βt , βt+1 are the power of FF in step t and t + 1, respectively and RSD is calculated as

follows:

σ = σRSD =

√√√√ N

∑
i=1

(FFi −FF)2

(N −1) ·FF2 . (3.14)

3.2.5 Optimization Parameter Selection

This section describes tests conducted to select the algorithm meta-parameters, i.e., pop-

ulation size, minimum number of generations, mutation, and crossover probabilities.
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Population Size (N)

In analyzing the impact of population size on the algorithm’s performance, it was assumed that

a constant total number of simulations (104) would be carried out for different population sizes.

For example, for a population of 10, 1000 steps (generations) were calculated, for 20 chromo-

somes 500 generations were conducted, and so on. This way, the total number of simulations

was constant and the result depended only on the population size and not on the number of

simulations conducted. Tests were performed for 10, 20, 50, 100, 200, and 300 chromosomes.

Figure 3.8 presents the obtained results.

Figure 3.8: Impact of population size on algorithm performance.

For populations below 50 chromosomes, the FF value oscillates and the algorithm is un-

able to find a better solution, due to the limited number of different genes needed to build new

combinations. Only the use of 50 chromosomes and more allows for the proper operation of the

algorithm (sufficient gene diversity). On the other hand, further increasing the population size

does not improve the result, but only extends the time of computing each step. For populations

of at least 50 chromosomes, the more total simulations are conducted, the better the solution

obtained, regardless of their distribution between the number of generations and population size.

Minimum Relative Standard Deviation (σmin) in the Variance Control Method

This series of tests aimed to find the optimal value of σmin in simulations that use the β ex-

ponent control (Equation 3.2 and the variance control method in Section 3.2.4). Too low σmin
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will not affect the operation of the algorithm (then βt ≈ β0 for each step). On the other hand,

too high values of this parameter may cause significant changes in the fitness function values

(the β factor is increased proportionally to the difference between the current relative standard

deviation of the population and σmin). Too much influence of this method potentially leads

to excessive divergence of FF values, rapid dominance of the best chromosomes, and drastic

reduction of population diversity (variance decline). Moreover, a significant increase in the β

exponent can lead to huge FF values that simply reach the limit of f loat64 (∼ 1.80 · 10308 in

Python 3.8 [144]) and prematurely terminate the program. Therefore, it was important to find

an optimal σmin value that would allow for a gradual increase in the β parameter and enable

the algorithm to differentiate chromosomes in subsequent generations without limiting its oper-

ation. For this purpose, simulations were conducted with σmin, ranging from 0.0 to 2.0, and the

results are presented in Figure 3.9. The FF variance control method with the standard roulette

Figure 3.9: Impact of σmin on algorithm performance.

method and the often used ranking method, which form was taken from [37] (Figure 3.9, dashed

line "rank"). In this method, the probability of selecting a particular chromosome for crossover

depends on its r ranking based on FF. In this method, the expected number of chromosomes c

is equal to [37]:

E(c) = 2−m+
2(m−1) · (r−1)

N −1
, (3.15)

where N is the population size and m is a certain maximum expected number of chromosomes,

which is a parameter of this method. In the study on which this method is based, m = 1.8 [37].
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It can be seen that the ranking method yields better results than the standard roulette method,

but worse than the proposed variance control method with σmin ⊂ ⟨1;2⟩. However, the ranking

presents a very similar effect compared to using σmin = 0.50. It is worth noting that the linear

distribution used in the ranking method (Equation 3.15) gives σmin ≈ 0.58. In this case, a simi-

lar variance gives a similar behavior of the algorithm despite different probability distributions.

Thus, it can be stated that the variance of the distribution related to the selection method plays

a key role and determines the operation of the GA. Analyzing the graph in Figure 3.9, it is

clear that the proposed algorithm works best (converges the fastest and to the highest value for

σmin = 1.0

Mutation Probability (pm)

After determining the population size and variance control parameter (i.e., N = 100, σmin = 1.0),

the probability of mutation ensuring the best performance of the algorithm (with the assumed

values of other parameters) was examined. For this purpose, 100 generations of simulations

were conducted for mutation levels ranging from 0.1% to 5.0% (Figure 3.10 and 3.11).

Figure 3.10: Impact of mutation probability (pm) on the algorithm’s performance.

Figure 3.10 compares the FF for different mutation probabilities. The fastest and greatest

increase in FF for the studied problem is seen for pm < 1.0%. Below this value, the mutation

has too little impact on the simulation (provides too little diversity in the population) and GA

performs worse. Above 1.0%, the level of mutation begins to disrupt GA operation and destroy
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potentially good chromosomes, also achieving a worse result. Finally, pm = 1.0% was chosen

for further simulations.

Figure 3.11: Evolution of genetic variance for different mutation probabilities.

Figure 3.11 shows the genetic variance (Section 3.2.2) for different mutation probabili-

ties. It is visible that for simulations where the mutation is not too high and does not introduce

too much oscillation in diversity (pm < 2%), three stages of the entire process can be distin-

guished:

A - the algorithm tries to create the best chromosome from the initial population of random

patterns. It quickly gets rid of the worst combinations, resulting in a drastic decline in diversity.

In this part, crossover plays an important role and exceeds the impact of mutation. The curves

are therefore very similar regardless of the value of pm. Usually between the 10th and 20th

generation (point 1 in Figure 3.11) a strong chromosome appears that quickly dominates the

population, causing the genetic variance to drastically drop and reach a local minimum (domi-

nation point 2).

B – in this part, both mutation and crossover are important. The population is largely dominated

by the best chromosome and its versions created through mutation. These versions crossover

with each other and create better solutions. Usually, after about 20-30 generations, the best

chromosome has the largest share in the population, and then, as a result of further mutations

and crossover, the genetic variance increases (point 3) to a certain saturation level.
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C - in this part, the population is mainly based on one, partially optimized chromosome. Crossover

is less important in this part, as the chromosomes are very similar to each other. Only mutation

plays a key role and maintains genetic variance at a certain constant (apart from some fluctua-

tions) level, depending on the mutation probability.

Required Number of Generations (n)

Usually the genetic algorithm may search for a solution until:

1. a generation is dominated by one individual,

2. the average/maximum fitness function value does not change for a selected number of

iterations,

3. the genetic variance (Equation 3.1) or another indicator describing the diversity of the

population falls below a specified value,

4. the algorithm performs a predetermined number of generations

To systematize computational time and easily compare results, it was decided to use a

constant, predetermined number of generations counted by the algorithm (option 4). However, it

was necessary to determine the order of magnitude so as not to prematurely end the algorithm’s

work, which could disrupt the assessment and comparison of scenarios. On the other hand, due

to the significant computational time (several hours for each Case), it was necessary to limit the

number of simulations.

To determine the optimal number of generations in terms of the achieved solution and

required computational time, 1000 generations of the algorithm were conducted for Case 1 (FF

in the form of 3.2), for 100 chromosomes in the population, pm = 1.0% and σmin = 1.0.

As it can be seen in Figure 3.12, the fitness function grows very quickly up to about

100 generations and saturates, while the variance stabilizes (with small oscillations related to

the mutation). After this time, growth begins to weaken and after about 400 generations, an

individual close to the optimum is found, and further changes in FF are very small (about 0.2%

after additional 600 generations). To show how chromosomes evolve, especially in later gener-

ations, Figure 3.13 presents the best individuals for selected generations. After 434 generations,

the algorithm reaches the best solution, in which fuel assemblies type 5 (FA5) dominate, as pre-

dicted, but inside the core, there are still 28 assemblies of type 6 (FA6), which differ from FA5

only by six additional BA rods (see Table 3.1). Despite these differences, the cycle length is
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Figure 3.12: Evolution of the fitness function and genetic variance for 103 generations.

shorter compared to the optimal (containing only FA5) by about 0.1% (548.74 vs 549.36 days).

Further analysis showed that replacing FA6 with FA5 in the center of the core (region where

FA6 occurs), changes the FF by only about 0.02%. It can be noticed that when the problem is

limited to only FA5 and a few FA6 in the center of the core, the algorithm significantly slows

down due to the small distinguishability of these assemblies in later stages of the fuel cycle.

Despite further iterations, changes in the cycle length are negligible.

Figure 3.13: Evolution of the loading scheme for selected generations, from n = 0 (initial random
population) to n = 1000. Below each configuration, its corresponding length of the cycle (d) and the FF

value are printed.

Based on this test, it can be suspected that in order to solve the optimized problem with

selected parameters, about 400-500 generations should be performed (for cases assuming 1/4

symmetry). However, due to the computational time and the demonstrative nature of this work,
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it was decided to perform 100 generations for cases 2, 3, 5, and 6 (1/4 symmetry) and 750 for

case 4 (without symmetry).

Figure 3.14: Evolution of ke f f for cores composed of single types of assemblies and the result for
Case 1 (optimization of the length of the cycle).

Results of PARCS calculations for cores with only one fuel assembly typet: FA5-FA9

(Table 3.1) are presented in Figure 3.14, compared to the solution of Case 1 for 1000 generations

(see Section 3.2.5). Convergence studies conducted for thousands of chromosomes showed

that the solution with the longest possible cycle for Case 1 is a core with maximum amount

of fuel, so composed only of 3.1% enriched assemblies and without BA (FA05). Thus, the

preliminary and intuitive assumption discussed in Section 3.2.3 was confirmed for the studied

core. Furthermore, several interesting neutron effects can be observed. Firstly, for a single-

module core, the entire reactor core behaves almost like a single assembly with some negative

reactivity caused by leakage (see Figure 3.14). Secondly, for the studied cores, the average

burnup at EOC is 22 GWd/tHM, which is a state where most of the BA are burnt, but their

influence is still present. For assemblies used in the first BEAVRS cycle, the limit burnup

is about 26 GWd/tHM [127]. In Figure 3.14, it can be observed that the core (or assembly)

with only FA05 dominates over the others until the consumption of all absorbers. Then, the

core enters a regime where all assemblies with 3.1% are practically indistinguishable. As a

result, for the studied problem, there is a possibility of multiple equivalent or indistinguishable

optimal solutions, and it can be challenging to evaluate the algorithm at high burnup region.

There is still one practical problem that occurs for Case 1 and for the studied algorithm. The
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solution is presented in the form of the red curve in Figure 3.14. The difference in cycle length

between the optimized core (chromosome) and the core with only FA05 is about 0.34 days,

which constitutes a 0.06% difference, which is negligible due to statistics and nuclear code

uncertainties. It should be noted that the GA asymptotically approaches the solution, and the

applied number of generations (1000) allowed the algorithm to achieve a solution characterized

by the expected cycle length with such accuracy.

3.3 Results

3.3.1 Statistical Analysis of Simulation Process

Since GA is stochastic, each of its realizations may lead to slightly different result. To

check how random the operation of the algorithm is and how repeatable is the result, it was de-

cided to run each simulation multiple times, using the same scenario and the same parameters.

For this purpose, optimization for Case 1 was performed 8 times (N = 100, n= 100, pm = 1.0%,

σmin = 1.0). Figures 3.15 and 3.16 present the statistical values of the fitness function and ge-

netic variance. The Figure shows the average value of the fitness function and genetic variance,

for asymmetric standard deviations for values above the average (σu) and below the average

(σd). Additionally, the charts also show the minimum and maximum values obtained for all 8

simulations. Analyzing the results, it can be noticed that although the course of optimization

may vary significantly for selected realizations, the standard deviation of values significantly

decreases with generations both for FF and variance and for FF decreases after 100 generations

to values below 0.5%. It can also be observed that all simulations converge towards the same

value. Greater variability characterizes the genetic variance, however, this variance does not

directly affect the operation of the algorithm, it only serves to monitor its behavior. Similar

tests should be conducted for all cases. Each simulation should be repeated multiple times to

avoid obtaining a random result that significantly deviates from the norm. However, due to com-

putational time, it was decided to assume that simulations of other cases are characterized by

similar behavior. Therefore, for each subsequent case, only one final simulation was conducted.

Also, the asymmetry of standard deviations of FF in Figure 3.15 may suggest that statistically

speaking, an exceptionally bad realization is more likely to occur than an exceptionally good

one. This conclusion should be verified with additional tests, however, it may suggest that if a

single realization deviates significantly from the norm, statistically it will be one of the worst

(pessimistic realization) rather than a randomly good one.
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Figure 3.15: Reproducibility of the optimization - Fitness Function (Equation 3.4). Simulations for
N = 100,n = 100, pm = 1.0%.

3.3.2 Cycle Extension with 1/4 Symmetry

This section presents the optimization results for scenarios where the main goal was to

extend the cycle, assuming 1/4 symmetry (Cases 1-3).

Case 1 did not impose any restrictions on the choice of fuel assemblies and was a test

case. In case 2, certain maximum values were imposed on ke f f . In case 3, the algorithm aimed

to simultaneously maintain the mass of fissile elements (average enrichment in the core). Fig-

ure 3.17 shows the evolution of genetic variance and normalized FF in subsequent generations

for all three cases. The chart shows that in all cases, the genetic variance converges to a satu-

ration value of 0.15-0.25 within about 15 generations, while the fitness function grows slowly

throughout the simulation area. Interestingly, regardless of the form of FF and the imposed

constraints, the convergence of FF and genetic variance has a very similar shape. Therefore,

it can be expected that simulations performed earlier only for case 1, should reflect (to some

extent) the characteristics of other cases. Then, the selected optimal operating parameters are

likely also suitable for cases 2 and 3. Examples of the best chromosomes formed after a certain

number of generations are presented in figure 3.18. Table 1 contains a brief overview of the

optimized configurations for cases 1-3.

In Case 1, as expected, the algorithm eliminates less enriched assemblies and replaces

them with those that have more fissile material. The algorithm successfully replaces all less

enriched assemblies, but 100 generations are not enough to reach the final solution with only

FA5. However, the result obtained after 100 generations is 544.09 days and is only 0.90% lower
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Figure 3.16: Reproducibility of the optimization - Genetic Variance (Equation 3.1). Simulations for
N = 100,n = 100, pm = 1.0%. σmin = 1.0

than the reference solution for 1000 generations (549.02 days, see Section 3.2.5) and 1.0% lower

than the optimal solution (549.36 days). Consequently, it can be stated that the algorithm works

satisfactorily even for a significantly reduced number of generations.

In Case 2, for subsequent patterns, we can observe (Figure 3.18) that the algorithm adds

assemblies with 3.1%, especially FA09, which also has the largest population of BA. This is

consistent with known physics as the presence of BA reduces ke f f at the begining of the cycle,

allowing at the same time the use of more mass of fissile material and prolonging the operation

of the core. Observing Figure 3.18, it can be postulated that the optimal solution is a core built

with only FA09 type, for which the length of the cycle is 488.49 days, where the found solution

is 483.34 days ( 1% difference). However, the ke f f of a core made of FA9 only, exceeds the

maximum permissible value (ke f f = 1.070) by a small reactivity margin of 175 pcm (∆ke f f =

0.002). Therefore, the core made of FA9 only is not the optimal solution as does not fulfill the

constraints for this case and the algorithm looks for more complicated loading patterns.

3.3.3 Cycle Extension with Lack of Symmetry

Case 4 is special because it involves optimization of the entire core geometry and does

not impose any symmetry. Due to the increased search space, the considered case requires a

larger number of generations to reach a feasible solution. Simulations were therefore conducted

for 750 generations (7.5 times more compared to other scenarios). Figure 3.19 shows the evo-

lution of genetic variance and the fitness function over successive generations. It can be noticed
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Figure 3.17: Optimization progress for Cases 1-3.

Case fitness function Cycle
length
[days]

Average
enrich-
ment [%]

Total num-
ber of BA
rods

max(ke f f )

1 (d/α)β 544.09 3.09 1024 1.192

2 dβ ·
[
α0 ·

(
1+ k1−max(k)

k2−k1

)γ]−β

483.34 3.05 2040 1.070

3 dβ ·
(

α0 ·
[

1+
(

E−E0
E0

)2
]γ)−β

426.71 2.46 288 1.204

BEAVRS – 333.65 2.31 1268 1.080

Table 3.3: Optimization results for Cases 1-3, N = 100 chromosomes in the population, n = 100
generations, pm = 0.01, compared with parameter values for the original BEAVRS model.

that the genetic variance converges to a saturation value slightly higher than 0.0, over about 50

generations. The fitness function, on the other hand, converges slowly over the entire simulation

area, but its most significant increase is observed up to 250 generations. The fitness function

grows slowly, often falling into local extremum windows, which can last dozens of generations.

It is clear that the lack of assumed symmetry significantly complicates the analyzed problem.

The problem of arranging 193 fuel assemblies of 9 types in a full core compared to the problem

of arranging these assemblies in 1/4 of the core (56 elements – 1/4 of the core along with the

central column and row), increases the solution space by about 9193/956 ≈ 5 · 10130 times. It

can be expected that such a complex problem would probably require thousands of generations,

which, due to computational time, could not be realized. The best chromosomes for selected
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Figure 3.18: Optimization progress for Cases 1-3, for generations from n = 0 (initial random
population) to n = 100 (final generation). Below each configuration, its corresponding length of the

cycle (d) and the FF value are printed.

generations are presented in Figure 3.20. In the figure, it can be noticed that the symmetry is

broken. However, it can be observed that after 250 generations, the assemblies begin to arrange

themselves in a ring. Assemblies with higher enrichment (mainly assemblies FA5, FA6) mi-

grate to the inner part of the core, while those with lower enrichment (mainly FA1), are pushed

to the boundary of the core. It can be noticed that this leads to the beginning of the formation

of non-random shapes. Over generations, subsequent configurations differ less and less from

each other, and the algorithm slows down. After 750 generations, no significant changes in

configuration are visible, and the FF increases more slowly. It is evident that due to the size

of the possible solution space, the considered optimization (without imposed symmetry) would

require a significantly larger number of generations. It may be surprising that despite the in-

complete convergence of the algorithm and the lack of final symmetry, the cycle length of the

configuration proposed after 750 generations is 374.87 cycle days, i.e., 12.3% (41 days) more

than in the case of the reference BEAVRS model. However, it should be remembered that the
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considered case was only intended to check the influence of symmetry on the convergence and

operation of the algorithm. It assumed therefore the simplest form of the fitness function (3.2),

focusing only on cycle length. Of course, the increase in the fitness function shows the cor-

rect operation of the algorithm. However, it did not converge to a specific solution, showing a

definite influence of the assumed symmetry on the solvability of the problem.

Figure 3.19: Optimization process for Case 4.

Figure 3.20: Optimization process for Case 4.

3.3.4 Power Distribution Optimization

In this part of the study, optimizations for Cases 5 and 6 were conducted, aimed at reduc-

ing the unevenness of power distribution, by minimizing the PPF coefficient (Equation 1.24).

For this purpose, FF 5 and 6 (equation 3.10 and 3.11) were used. Case 5 involved only minimiz-

ing the PPF while Case 6 aimed also at extending the cycle length. The optimization process is

shown in Figure 3.21.
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Figure 3.21: Optimization process for Case 5 and Case 6.

In Cases 5 and 6, it was decided to perform more generation (500 vs 100 in Cases 2-4) of

the genetic algorithm. For case 5 (green line in Fig. 3.21) the fitness function increased by about

35% compared to the best individual randomly generated in the initial population. For case 6

(red line), it was about 50%. Figure 3.22b,c shows a comparison of the obtained configurations

with the BEAVRS core configuration (Figure 3.22a). The figure shows that assemblies with

higher enrichment are placed at the boundary of the core for each configuration to minimize flux

drop. Then in the center, assemblies with different enrichment are alternately placed, usually

containing a larger number of BA rods to flatten the flux distribution in the central part of the

core. Characteristics of the obtained configurations and the BEAVRS core are presented in

Table 3.5. It includes the indicator of the amount of fissile material used (average enrichment

calculated as Equation 3.8), the number of BA rods, initial ke f f , maximum PPF value in the

cycle, and length of the cycle. Since PPF was the optimized parameter for both cases, the

power distribution at the beginning (BOC) and end of the cycle (EOC) for BEAVRS and cores

obtained by the algorithm are plotted (Figure 3.23a-f). As can be seen, the power distribution

for BEAVRS is characterized by an initial peak in the center of the core, which spreads towards

the outer boundary throughout the cycle. The maximum value of Pxy is 1.33 at BOC and 1.21 at

EOC. In the configurations for optimized cases, higher values of Pxy are distributed throughout

the core, resulting in a relatively flat power distribution. In Case 5, the maximum value of Pxy

is 1.26 both at the beginning and at the end of the cycle. In Case 6, the maximum initial value

of Pxy is 1.34, which drops to 1.17 at EOC. Table 3.4 presents a comparison of these values.
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BEAVRS Case 5 Case 6

max(Pxy), BOC 1.33 1.26 1.34

max(Pxy), EOC 1.21 1.26 1.17

Table 3.4: Maximum values of Pxy for the beginning (BOC) and the end (EOC) of the cycle for Case 1,
Case 2, and the BEAVRS model.

Figure 3.22: Optimization results for Cases 5 and 6.

As the result of the simulations, two configurations were obtained, characterized by a

longer fuel cycle compared to the original configuration. In Case 5, the maximum PPF value

was reduced from 1.88 to 1.82, and the cycle was extended by 118 days. In Case 6, a slightly

higher PPF value (1.89) was obtained, and the cycle was extended by 179 days. Of course, other

core parameters also changed. Cores in Cases 5 and 6 use more fissile material (average en-

richment 2.76% and 2.78% vs 2.36% in the BEAVRS case), thus also have a higher initial ke f f

(both 1.13 vs 1.08). The larger initial mass of fissile material is the main reason for the longer

cycles compared to the BEAVRS core. Additional limitations in the form of allowable ke f f or

fissile mass will be the subject of future research. However, the above examples demonstrate

the effective operation of the algorithm. Within the simulations, it was possible to maximize a

two-parameter fitness function, i.e., flattening the power distribution and extending the cycle.

To achieve a comprehensively optimized configuration that could be applied in a nuclear power

plant, future simulations may include more complex FF that would consider other limitations,

such as maximum average enrichment, acceptable ke f f range, control rod value, reactivity co-

efficients, and/or other parameters, optimizing the core using multiple goals at the same time.
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Case fitness
function

Average
Enrichment
[%]

Number of
BA Rods

Initial ke f f PPFmax Cycle
Length
[days]

5
( 1

PPF

)β
2.76 1392 1.13 1.82 451.7

6
( d

PPF

)β
2.78 1356 1.13 1.89 512.5

BEAVRS - 2.36 1268 1.08 1.88 333.6

Table 3.5: Optimization results for cases 5, 6, N = 100 chromosomes in population, n = 100
generations, pm = 0.01, compared with parameter values for the original BEAVRS model.

Figure 3.23: Optimization results for Cases 5 and 6.
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4 Optimization of the Multi-Cycle Problem

4.1 Description of the problem

In this part, the Equilibrium Cycle (EC) was subject to optimization, which is a general

scheme for shuffling the core after each cycle. It is a universal scheme used for analyses during

the design stage when it is necessary to assume the long-term properties of the core. Unlike

a single refueling, in the EC only the Fresh Fuel Assemblies (FFA) matter, their distribution,

and how they are transferred from cycle to cycle. The rest of the assemblies are in the core

only in the initial few cycles, then they are removed and only FFA and FFA placed in the core

in previous cycles remain. Although in practice refueling is usually planned from cycle to

cycle, the optimization of EC is important because of the possibility of finding general trends

in the shuffling of assemblies, on which single refueling is usually based. In this study, the

algorithms used were expanded and, in addition to Genetic Algorithms (GA), Parallel Simulated

Annealing (PSA) was also applied, often used for the problem of core loading optimization.

Additionally, a hybrid method combining GA and PSA (PSA+GA) was proposed, utilizing

selection and crossover from GA as well as the cooling scheme from PSA. This part of the

study was conducted during a six-month visit to the Data Science and Applied Mathematics

Pole, at the Framatome company headquarters.

4.1.1 Linear reactivity model and core refueling

It has been noted that for a fuel assembly or lattice of a typical PWR, particularly when

the fuel enrichment exceeds 2.0%, the k value (derived from the neutron transport Equation 1.2),

and reactivity ρ , change almost linearly with burnup [145]. Specifically, Sefcik [146] demon-

strated that for the Maine Yankee supercell reference lattice, with uranium enrichment ranging

from 1.50% to 4.34%, linear least squares curve-fits of ρ as a function of burnup (for the range

150-50,000 MWd/t) resulted in an average coefficient R2 = 0.995. This indicates that only 0.5%

of the variance is unexplained by the correlation.

Figure 4.1 presents the evolution of ρ as a function of burnup for the Maine Yankee su-

percell [147] for fuel enrichments from 2% to 5%. Although it is not illustrated in the Figure 4.1,

there is a sudden drop in reactivity at the BOC, within the first 150 MWd/t [148] caused by the

build-up of xenon and samarium fission product poisons reaching saturation levels. Outside this
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Figure 4.1: Reactivity evolution in the Main Yankee Supercell for different fuel enrichments,
taken from [146].

initial transient, the reactivity evolution can be approximated within the linear model [148]:

ρ(BU) = ρ0 −a ·BU, (4.1)

where ρ0 is the initial excess reactivity, a is the slope of the curve (t/MWd) and BU is the

burnup (MWd/t).

Impact of the number of reloads on core reactivity and final burnup

Using the linear reactivity model, we consider the discharge burnup (Bdis,n) for an n-batch

core operating under steady-state refueling conditions, assuming constant thermal power of

the core with uniform power distribution across fixed-size fuel batches. Then the freshest batch

undergoes a burnup process to (Bdis,n)/n, followed by the subsequent older batch reaching

(2Bdis,n)/n, and so on. The system reactivity is the average reactivity calculated over the set of

fuel batches at the end-of-cycle (EOC) [148]:

ρi(EOC) = ρ0,n −a ·
i ·BUdis,n

n
. (4.2)
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and system reactivity:

ρsys =
1
n

n

∑
i=1

ρi =
1
n

n

∑
i=1

(
ρ0,n −a ·

i ·BUdis,n

n

)
. (4.3)

Taking into account that ∑
n
i=1 i = n(n+1)

2 :

ρsys =
1
n

(
n ·ρ0,n −a

n(n+1)
2

·
BUdis,n

n

)
= ρ0,n −a

n+1
2n

BUdis,n. (4.4)

At the End of Cycle (EOC), when the system reactivity (ρsys) equals zero due to reactivity

limitations, Equation 4.4 can be written as:

BUdis,n =
ρ0,n

a
,

and for a single-batch (n = 1):

BUdis,1 =
ρ0,1

a
.

When a single-batch core achieves the same discharge burnup as an n-batch core (Bdis,1 =

Bdis,n), the reload reactivity (so the reload enrichment) of the n-batch core will be smaller than

the one batch core:

ρ0,n =
n+1

2n
ρ0,1. (4.5)

On the other hand, if the reload reactivity stays the same (ρ0,n = ρ0,1), an n-batch core can

achieve a higher burnup:

BUdis,n =
2n

n+1
BUdis,1. (4.6)

From Equation 4.5 and Equation 4.6 one can see that the higher the number of batches is, the

bigger the final burnup (or smaller initial reactivity). For large numbers of batches (continuous

discharge), the burnup tends to be twice as high as for n = 1 batch, while the initial necessary

excess reactivity is half the value [148].

Optimal number of fuel reloads

Using the linear reactivity model and formula in Equation 4.6, we can conduct a simplified eco-

nomic analysis of the number of reloads during a cycle. If we denote BUdis,1 in units of EFPD

(Effective Full Power Days), then the burnup (expressed in days) can be treated as the total en-
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Figure 4.2: The impact of the number of fuel reloads (cycles) on the evolution of the core
reactivity, taken from [149].

ergy production (the number of days the reactor operates at full power), for one batch. We can

also denote BUbreak, determined in EFPD, as the number of full power days lost due to the time

required for each reload. Then, consequently, the reactor effectively operates (produces) energy

for BUdis,1−BUbreak full power days in case of one batch and BUdis,n−n ·BUbreak, for n batches

and n reloads between them. If we consider the linear reactivity and the final burnup depending

on the number of matches described in Equation 4.6, we can define the effective number of days

of energy production as:

BUe f f (n) =
2n

n+1
BUdis,1[EFPD]−n ·BUbreak[EFPD]. (4.7)

This is a function of the number of reloads n within a cycle, for which one can seek an optimal

value, given a specific reference burnup for a single batch and the number of days required

for reloading. Modern PWR (Pressurized Water Reactor) types are typically loaded in three

batches, achieving a cycle length in the range of 500 EFPD, which is equivalent to 500 days of

operation at full power. Using the liner reactivity model it corresponds to a max burnup for one

batch BUdis,1 ≈ 333EFPD (Equation 4.8), to which we can conduct a comparative analysis.

BUdis,3 =
2 ·3

3+1
BUdis,1 =⇒ BUdis,1 =

2
3
·500EFPD ≈ 333EFPD. (4.8)

Figure 4.3 presents the values of the effective number of days of energy production cal-

culated with Equation 4.7, for the defined reference BUdis,1 = 333EFPD, for different numbers

of batches and the 14, 28, and 42 days required for fuel reloading. From the figure, we can

observe that with reload times ranging from 14 to 42 days, the optimal number of batches is 3
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Figure 4.3: Effective days of energy production (Equation 4.7) for a reference
BUdis,1 = 333EFPD for different numbers of batches and various reload times (14, 28, and 42

days).

to 5. Despite the very simplified model, these results are confirmed in practice, as most of the

modern reactors operate with 3, and at most 4, batches. However, it is important to remember

that in addition to economic considerations, significant roles are played by physical properties,

such as material endurance against the neutron field and high temperatures, maximum burnup,

and the maximum time a fuel assembly can remain in the core. Then, the choice of the number

of batches, and consequently the number of reloads during cycles, may be significantly more

limited by other factors.

4.1.2 Framatome EPR Core

The part of the study is based on the European Pressurized Water Reactor (EPR) [150],

a design of the third-generation, pressurized water reactor, developed by Framatome, EDF

(Électricité de France), and Siemens, based on the French N4 and the German KONVOI re-

actors [151]. Originally referred to as the European Pressurised Reactor within Europe, its

name evolved internationally to Evolutionary Power Reactor [152] and is currently referred to

as simply EPR.
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Figure 4.4: Typical loading of EPR [153]

Parameter Value

Core thermal power 4300 MWth

Net power output ∼ 1600 MWel

Reactor coolant system

Number of loops 4

Operating pressure 155 bar abs

RPV inlet/outlet temperature 295.9 / 327.2 °C

Total coolant flow per loop 28330 m³/h

Core

Number of fuel assemblies 241

Number of control rod cluster assemblies 89

Fuel assembly array 17 x 17

Active height 420 cm

Average linear heat rate 156.1 W/cm

Table 4.1: Main specifications of EPR [150]
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Figure 4.5: EPR fuel assembly design [154].

Typical EPR loading is presented in the Figure 4.4. The EPR core consists of 241 FA,

arranged in 17 × 17 grid. For the first loading, there are four FA groups, two groups with

high enrichment (one with BA rods), one with medium enrichment, and one with low enrich-

ment [153]. The fuel rods are an effect of years of engineering optimization and proven design

parameters, with enrichment levels of up to 5 wt% 235U . There are 265 rods arranged in the

fuel assembly also in a grid of 17× 17 [154] (Figure 4.5). Integrated into the fuel matrix is

Gd2O3, serving as an integral burnable absorber with concentrations varying between 2 wt% to

8 wt% [154].

The considered core is inspired by EPR and reflects its main features (see Table 4.1),

but it is not an existing design or real configuration. The EPR-like core used in this study uses

6 different FA types, varying in the enrichment level (from 1.50% to 4.95%) and number of

BA rods (from 0 to 24). The model used in this study was provided by the Department of

the Validation of Neutronic Codes and Methods of Framatome. As the model is used in the

Department it has been validated and verified properly, and it was not done in the frame of this

work.
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4.2 Implementation of the optimization algorithm

4.2.1 Equilibrium cycle encoding

One of the most important parts of the optimization algorithm is to develop a proper

transition between the optimized system and its encoded version, manageable by the algorithm.

In case of the 1/8 symmetry assumption, the problem needs to be divided into two parts to avoid

FA exchange between different symmetry zones (as in the Figure 2.2d). Then, the first intuitive

idea would be to assign to each FA at cycle n and to the set of FFA (Fresh Fuel Assemblies),

their new positions in the cycle n+1. This simple idea is sufficient for the single reload prob-

lem [5], [6], but in the case of the EC, due to the random nature of meta-heuristics, such a

method would most likely lead to an invalid EC, with loops or too short and too long fuel path

(as in Figures 2.2a-c). To tackle this problem, a matrix representation of the EC is proposed in

this study.

Matrix representation of the Equilibrium Cycle

In this study an original and simple method of presenting the equilibrium cycle was porposed.

As was mentioned in Section 2.1.3, if we consider batch size of k and we assume that each

FA can stay in the core maximum m cycles, we can represent EC as a k ×m matrix of fuel

assemblies paths:

[EC]m×k =


posFA1,1 . . . , posFAk,1

... . . . ...

posFA1,m . . . , posFAk,m



m×k

. (4.9)

Thus, each path (or the positions of assembly in the subsequent cycles) can be written as:

PFAi = {posFAi,1 → posFAi,2 → ...→ posFAi,m}. (4.10)

For the EC in the (4.9) form, the way to create a valid random EC was very simple and

it just required the generation of a random perturbation of k ·m integers. This simple yet very

helpful form of EC representation has enabled easy manipulation of various configurations and

extremely easy generation of EC. The search for the configurations that have the same properties
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of each subsequent cycle, is itself also the subject of research [4].

Obviously, in many cases, k ·m (size of the matrix) may be greater than the optimized

part of the core. In such a case, it was decided to fill the matrix with negative numbers that

were ignored by the algorithm, so paths with a negative position were simply shorter (less than

defined m). Figure 4.2 presents an example of a random EC for k = 13 FFA and m = 3 maximal

number of cycles that an assembly can stay in the core. For instance, for EC11 = [29,−1,36]T

in Figure 4.2, position -1 is ignored, the fuel path PFA11 = {29 → 36} and the assembly will

stay in the core for two cycles instead of three.

Table 4.2: Matrix form of the EC. N - new fuel assembly, 1 - assembly that spent in the core
1 cycle, 2 - assembly that spent in the core 2 cycles

In this way, one can understand the matrix form of Equation 4.9 as a set of fuel paths

in the core, as f.i. in Figure 4.2. A graphical explanation of one of the paths is presented in

Figure 4.6. In this example PFA3 = {15 → 12 → 9} which means that FFA number 3 will be

placed in position 15, after one cycle it will be placed in position 12 then in position 9 and after

three cycles it will be removed from the core.

Figure 4.6: Graphical explanation of the fuel path PFA3.

Naturally, the chromosome could be represented directly as the 2D matrix (as in [37],

[5], [6]), however, due to deap library [155] that operates on 1D vector, finally each EC was

rewritten to a vector of k ·m elements (Equation 4.11), and then processed by the algorithm in

this form, then:

[EC] = [posFA1,1, posFA1,2, ..., posFA1,m, ..., posFAn,1, posFAn,2, ..., posFAn,m]. (4.11)
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This study aimed at optimization of the 1/8th and 1/4th of the EC configuration, in terms

of selected parameters and imposed constraints. Each time we consider a reload of a constant

number of FFA, equal to around 1/3 of the total number of all fuel assemblies in the core, each

could stay in the core for a maximum m = 3 times. There are 38 positions with 13 FFA in the

1/8 of the core and 61 positions with 21 FFA in the case of 1/4 of the core.

4.2.2 Optimization operators

In this section the operators of the optimization are described: the fitness function that

describes the goal of the optimization and the direction of the population evolution, the selection

operator, which defines the way the new population is created, the crossover operator responsi-

ble for the exchange of information between specimens, and the mutation/perturbation operator

that allows creating solutions (in case of GA) or moves the solution within the search space (in

case of PSA).

Fitness Function

The study’s objective was to develop an optimization tool for identifying the optimal EC based

on specific parameters. Existing literature mostly focuses on using GA/PSA in nuclear en-

gineering to maximize ke f f , cycle length, or minimize power peaking factor (PPF) [73], [6].

However, prioritizing maximum ke f f and the longest cycle may not align with safety require-

ments. Minimizing PPF helps reduce power distribution disparities but it neglects factors like

coolant flow, core inlet temperature and pressure which are crucial for accounting for boiling

crisis risk. Therefore, in this study, the below-listed optimization goals were considered:

• Maximize the core’s mean burnup to extend the cycle length,

• Maintain the hot channel enthalpy rise factor F∆H (Equation 1.25) below a specified

threshold (defined as the F∆H value of the reference core), aiming at even power distribu-

tion and preventing departure from nucleate boiling (DNB),

• Restrict the maximum burnup of fuel assemblies max(BUa) to meet safety and materi-

als requirements,

• Limit neutron leakage L̄ to a designated level (L̄ value of the reference core), defined as

the percentage difference between k∞ and keff (Equation 1.26), to prevent FFA from being

placed at the periphery of the core and limit vessel fluence.
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While this set of parameters does not encompass all EC design requirements due to the

complex nature of the task, it was believed that it could form a simple FF, facilitating relatively

fast convergence but also providing a reasonable solution.

As previous works state [5], one of the most important parts of the optimization algo-

rithm is the FF that determines the direction of the evolution of the population and the final

results. In the frame of this part of the study, two FF forms were considered. First, the test form

focused on the extension of the cycle (by maximizing the mean burnup in the core BUc) and

minimization of the max(F∆H) value, while keeping the max(BUa) below the defined threshold.

The second form, developed after test simulations, considered all the parameters of the first FF

but in addition, it took into account the influence of the neutron leakage L and aimed at keeping

max(F∆H) value below the threshold instead of its minimization. Then, FF was defined in the

forms of Equation 4.12 (test FF) and Equation 4.13 (main FF):

FFtest =
1
c
· BUc

max(F∆H)
· p1(max(BUa)), (4.12)

FF = B̂Uc · p1(max(BUa)) · p2(max(F∆H)) · p3(L), (4.13)

where B̂Uc = 1
a(BUc − b) is the scaled mean burnup of the core, and a = 2.2GWd/t,b =

15.0GWd/t, c = 17.2GWd/t are scaling factors such as FF(re f ) = FFtest(re f ) = 1.0, whereas

pi(x) are penalty functions:

pi(x) =

1 if x ≤ xmax,i,

e−γ(x−xmax,i) otherwise,
(4.14)

and

γ1 = 5 ·10−2, xmax,1 = BUa,max = 60GWd/t,

γ2 = 1, xmax,2 = F∆H,re f = 1.48,

γ3 = 1 ·10−1, xmax,3 = Lre f = 2.62%,

where the value of BUa,max = 60GWd/t is a typical fuel assembly burnup operation limit,

F∆H,re f = 1.48 and Lre f = 2.62% are F∆H and the average neutron leakage of the reference

core. In this way, the main goal of the algorithm was to maximize the mean burnup, however,

to keep other factors at least as good (or possibly close) to the reference case.

Because the problem is multidimensional, it is not possible to plot the final shape of

FF dependent on all parameters, and to check if the FF gradient is similar to each direction.
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Therefore, it was decided to investigate the influence of each component separately. The FF

was studied by plotting the scaled mean core burnup ˆBUc, multiplied by each penalty function

pi against the main goal of the optimization - core burnup, and given penalty parameter in

the estimated range of its variability (Figure 4.7a-c). It is an equivalent of plotting FF with

an assumption that only one penalty value at a time is above the threshold, so other penalty

functions are constant and equal to one. The variability range was assessed from the initial

population and limits that were imposed on the parameters. The penalty function parameters γi

were selected to ensure an equal influence of each of them, i.e. each of the penalty functions

could decrease the FF by a maximum of around 30%. On the charts, one can also see the

function’s breakpoints corresponding to the imposed limit values.

Because it is impossible to generate a chart of FF dependent on all considered parame-

ters, the chart in Figure 4.7c shows FF as a function of parameters to be maximized (mean core

burnup) and parameters to be minimized/limited presented in arbitrary units, that is, within the

anticipated range of variability (in arbitrary unit AU ∈ (0,1)). It is a very simplified way of

plotting the shape of FF as it assumes that all the parameters increase or decrease simultane-

ously, but it gives an idea of how the FF may change within the variability of the considered

parameters.

Figure 4.7: Plot of influence of the components on the FF, in range of their expected variability
determined based on a random initial population: a) max BU of the fuel assembly, b) max F∆H , c)

average leakage, d) combination of all the components (in arbitrary units).
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Selection

For the selection method, the tournament was used. In this method, n specimens are selected

and compared and the best of them is passed to be processed by the algorithm, the procedure is

repeated N times until the nez population is created. Usually, n = 3 but in this case the num-

ber of specimens in the population (N = 200) is bigger compared to the classical GA (usually

N = 50−100) [35], so it was decided to increase the number of specimens compared at a time.

Additional tests showed that GA/PSA performs the best for n = 20 and this value was used for

all the optimizations.

Crossover

The two-point crossover was used with a partially mapped crossover (PMC, same method as in

Case 4 in Section 3.2.3). In this crossover, two randomly selected specimens are exchanging

subarrays between two random exchange points. PMC method maintains the constant number

of given elements in the chromosome [143], by adjusting the elements outside the exchange

region.

Mutation

The mutation was implemented using a mutation per specimen approach, meaning that each in-

dividual in the population had a probability pm of undergoing mutation. If the mutation occurred

for an individual, one random gene was exchanged with another. In the case of 1/8 symmetry,

for which the optimized system consisted of two parts, gene exchange occurred within each

respective part.

4.2.3 Shannon Entropy

In order to monitor and possibly control the performance of GA it was decided to define

Shannon Entropy (SE) of the population at the given generation g, defined as:

Hg =−∑
i, j

Pi, j · lnPi, j, (4.15)

where:

Pi, j =
1
N
·

N

∑
k=1

δ
(k)
posi,gene j . (4.16)
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Pi, j is a probability of finding position i in the gene j of the chromosome. N is the size of

the population and δposi,gene j is the Kronecker delta and δposi,gene j = 1 when position posi is

found in gene j of the chromosome (otherwise it is 0). Similar quantities were used in some

previous works (variance [156], genetic variance [5]), but SE seems to be a good quantity as

it usually describes the level of the randomness in a system. SE is the highest when the genes

in the population are uniformly distributed (probabilities Pi, j are equal) and it reaches zero for

a population dominated by one specimen. As in the previous work, this kind of monitoring

quantity can be used for ongoing adjustment of the parameters, e.g. mutation rate [156] or FF

form [5] (so-called adaptive GA) or it can be used as a stopping criterion, i.e. the GA can stop

when SE drops below a certain value [156].

4.2.4 Description of the algorithms

In this part of the study, the optimization algorithm has been prepared in three dif-

ferent versions: Genetic Algorithm (GA), Parallel Simulated Annealing (PSA), and Hybrid

(PSA+GA). As it was mentioned, GA are frequently studied in Laoding Optimization roblems

(LPO), they were already used for power distribution flattening, cycle extension, boron concen-

tration/excess reactivity/burnup maximization, fissile material usage optimization, fast spectrum

reactor design, and other factors/features optimizations [5, 6, 37, 125, 157, 158]. PSA has been

used in the LPO problem, for instance, for optimizing hot channel enthalpy rise factor and boron

concentration [159] and for multi-cycle cost optimization [160]. GA-PSA hybrid method was

studied in the past, usually by combining GA and PSA operators [161] (as in this study) or by

applying GA and PSA alternately [73]. A more detailed summary of the optimization methods

in the LPO problem can be found in Section 2.1.1 and in [36].

The diagram in Figure 4.8 presents the schematic idea of the operation of all three ver-

sions of the algorithm. In yellow, operations originated for GA are marked, in blue ones that

come from PSA, and in green, operations that are common in both, GA and PSA. If one follows

the shortcut arrows marked in yellow or blue dotted lines in the diagram in Figure 4.8, a scheme

only for GA or PSA can be read. All the algorithms start with a random initial population of N

solutions (a set of N vectors of random permutations, as in Figure 4.2). Then, at each step:

85



Figure 4.8: Block scheme of the GA, PSA and hybrid PSA+GA algorithms

In the case of GA:

• solutions are randomly paired and sub-sets of the vectors are exchanged between them
with probability pc using PMC (Partially Mapped Crossover) method,

• each solution is mutated with probability pm (random exchange of genes in the same
solution),

• each solution is evaluated and each FF is calculated,

• a new population is selected using the tournament method and calculated FFs.

In the case of PSA:

• each of N solutions is randomly moved in the search space (equivalent to GA’s mutation
with pm = 1),

• FF is calculated and a better solution is accepted, a worse solution can be accepted with
probability pA,

• N solutions are selected (tournament method),

• the temperature of the system is decreased.

In the case of the hybrid PSA+GA (Table 4.3):

• solutions are moved in the search space but applied GA operators (crossover or mutation),

• each new solution can be accepted or discarded using PSA criterion,

• a new population is selected from the set of new solutions using GA approach (tourna-
ment),

• the temperature of the system is decreased.
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Table 4.3: Python-like, pseudo-code of the hybrid PSA+GA algorithm.

4.2.5 Coupling with the neutronic code

The goal of this part of the thesis was the implementation of an optimization tool com-

bined with the SMART neutron code, which is part of the Science v2 package [162]. SMART is

a neutronic code based on the 2-energy group diffusion equation (1.10) for the core under static

or transient conditions. Paired with the FLICA thermal-hydraulics code [163], it solves neu-

tron transport equations, providing flux or power distributions at the assembly and pin levels.

SMART employs the nodal expansion method and finite differences for large mesh calculations,

using discontinuity factors and a transverse leakage model to ensure accuracy in nodal current

conversion [162]. The code relies on cross-section data from APOLLO2 [164], an assembly lat-

tice code developed by CEA (Commissariat à l’énergie atomique). APOLLO2, based on the Sn

method, solves the 99-group transport equation in 2D assembly to generate 2-group, collapsed

cross sections using the collision probability and integral-differential methods [164].

The transition between the EC model in a vector form of Equation 4.11 and SMART

code is realized in four steps (see Figure 4.9):

1. Encoded EC: the algorithm operates on the vector in the form of Equation 4.11, being a
permutation of integers;

2. Matrix of FA paths: the vector form is reshaped into a matrix (Equation 4.9), represent-
ing a set of FA paths of the EC;

3. FA configuration: based on the matrix form, path by path, FA are placed in the 1/8 or 1/4
in the core (depending on the scenario) to create the SMART code input (Figure 4.10);

4. Full core: the defined region is mirrored and SMART input is extended to create full core
input.
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Figure 4.9: Transition of the EC in the vector form (Equation 4.9) to the full core, Implemented in four
steps: 1. Encoding EC in vector form, 2. Transposing the vector into matrix form, 3. Determining the
FA configuration in 1/8 or 1/4 of the core (depending on the scenario), 4. Symmetrical reflection of

symmetry to create a full core.

The definition of the EC in the SMART input is presented in the Figure 4.10. Each

line in the input reflects the movement of FA. It consists of the current position of FA (two

integers defining the x,y position in the core). Then, there is a name of the cycle, five values of

burnup (for quarters and average value), analogically five values of relative power, then there is

a number and name that define FA. At the end of the line, there is a previous position of FA.

There are 241 lines of this part of the input, reflecting 241 positions and movements in the core

that define the EC.

The input is created from the matrix form by iterating, path by path, and assigning to

each position the previous position, and, in the case of FFA, its composition (for FFA there is

a star "*" instead of burnup and power). In the case of FA that was placed in the core for the

subsequent cycle, FA composition did not influence the EC calculation, as after the third cycle

all the FA are exchanged.
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Figure 4.10: Creation of the SMART code input. Each column in the matrix form of EC corresponds
to the path of a given FFA. This is translated into subsequent elements of the input of the SMART code.

Respectively - new position of the assembly, its parameters (burnup and relative power, number and
name of the assembly), and previous position.

(a) (b)

Figure 4.11: Flowchart of the algorithm (a) and SMART calculation parallelism (b).

After defining the connection between the EC definition in the SMART code, the algo-

rithm can start its operation. First, the initial population of N specimens is randomly generated

(generation 0). Then, based on the random patterns N, inputs for the SMART code are cre-

ated. The calculations are done in parallel (Figure 4.11b). After the calculations, the results

are read by the algorithm to assess each pattern (specimen) and calculate the corresponding FF

(Equation 4.13). Then, the main part of the algorithm creates a new population, depending on

the method, using selection, crossover, and/or mutation operators. After that, SE is calculated

(Equation 4.15) and the algorithm controls whether the stopping criteria are met or not. If so,

it stops its operation and selects the best specimen that was created during the optimization. If

not, it creates new inputs for SMART, runs the calculations, reads results, assesses specimens,
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creates a new population, and so on. At this point, SE can be also used to apply adaptive feed-

backs (dotted line in Figure 4.11a) and adjust selected parameters of the optimization algorithm,

like mutation rate [156] or FF from [6]. This was, however, not considered in the current study.

The transition between the Framatome’s diffusion calculation code SMART and the algorithm

is presented in the flowchart in Figure 4.11a.

4.2.6 Optimization tool

As the used code is embedded into the Science v2 package with Copilote calculations

management tool [162], its flexibility allows a simple connection between SMART code, op-

timization algorithm, and the user. Therefore, one of the goals of the study was to plan and

prepare the software for the production of an industrial tool that would serve any user as a sup-

port in the process of the nuclear fuel cycle design. Figure 4.12 shows the developed Copilote

calculation plan and its GUI that allows the user to specify the path of the EC calculation to be

optimized. In the Copilote EC plan the user defines the core to be optimized, its geometry, prop-

erties, fuel assemblies, compositions, and other settings of the EC plan, like burnup steps and

calculation type. In the LPO GUI, the user provides the optimization parameters such as the op-

timization method, size of the population, number of generations, FF form, initial temperature,

mutation rate, and others.

Figure 4.12: Example of the GUI for the cycle optimization, allowing for the initiation of the
optimization process - specifying the path to the model to be optimized, defining the parameters of the

algorithm’s operation, and the objectives of optimization.

Figure 4.13 presents an example of the realization of the Copilote LPO plan. The opti-

mization starts by duplicating the EC plan N times and reinitializing them with random loading

patterns to use it as the population for the optimization algorithm ("current generation calcu-

lations" in Figure 4.13). The coupling between the optimizer and SMART is realized via the

Copilote tool that allows parallel calculations, thus all the copied plans are run at the same time

(as presented in Figure 4.11b). After each generation, the algorithm saves the best solution as
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the user may be interested in other, potentially useful loading patterns ("best configuration at

given generation" in Figure 4.13).

Figure 4.13: The Science v2 calculations for the LPO (Copilote GUI).

Input file

The optimization algorithm was prepared using deap library [155] and Python 3.8 language

in an object programming manner. The project was prepared to be easily compatible with

any Copilote project, be flexible and easy to use. To use the optimizer one needs to import

LoadingPatternOptimizer class. The class contains several methods that need to be called

to set the parameters and run the optimization (see Table A.15 in Appendix A that presents an

example of the main.py file, where the class is created and the algorithm is initiated).

4.2.7 Considered Scenarios

In this part of the study, it was decided to run the optimization algorithm for three cases:

a test case with 1/8 symmetry and a test form of FF and two scenarios with improved FF and

the same optimization goal, for two different symmetries - 1/8 and 1/4.

Test case

The test case describes the first attempt at optimizing the EC problem using the first version

of the objective function FFtest (Equation 4.12), based on which the extended, main objective

function FF (Equation 4.13) was prepared. For computational reasons, the test case was con-

ducted only for GA and 1/8 symmetry. However, it allowed for drawing certain conclusions,

improving FF, and applying them to other algorithms and 1/4 symmetry.
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Figure 4.14: Optimized core with 1/8 (gray and yellow parts) and 1/4 symmetry (gray, yellow
and green) symmetries.

Case 1: 1/8 symmetry

For the scenario with 1/8 symmetry the optimized system consists of three parts, denoted as

white, yellow, and green regions in Figure 4.14. Due to the way the whole core is constructed,

the gray part is mirrored eight times, the yellow part is mirrored four times and the white part

(origin) is not mirrored. It imposes restrictions on the creation of the core and does not allow

the assemblies to be moved between these two parts. If we move one FA from the yellow to the

gray part, we will miss four FA for four copies of the gray part while creating the full core. And

vice-versa, if we move FA from the gray to the yellow part we will have four redundant FA, not

used in the full core. That is why, for the 1/8 symmetry, the optimization problem was divided

into two independent parts - A (23 elements) and B (14 elements) in Figure 4.15. The white part

(the origin), as it is not mirrored. Only one FA is always moved to the origin (1 element). It can

come from both, the yellow or gray part.

Case 2: 1/4 symmetry

In the case of 1/4 symmetry FA can migrate within the whole region without any restrictions as

it all will be mirrored four times (except for the origin). The optimized system consists of one

part (white, yellow, gray and green parts together in Figure 4.14), 61 elements in total (parts A,

B and C in Figure 4.15).
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Figure 4.15: EC in the vector form for Case 1 (1/8 symmetry) and Case 2 (1/4 symmetry).

(a) (b)

Figure 4.16: Test FF: Optimization for N = 200 specimens, 80 generations, pm = 0.01, pc = 0.90, FF
in the form of Equation 4.13. (a) Best FF in the current population (blue solid line), average FF (blue
dotted line) and Entropy (Equation 4.15)(solid red line), (b) average core burnup [EFPD] (red solid

line), max(F∆H) (solid blue line) and initial F∆H (dotted blue line) of the best specimen after given time.

4.3 Results of the Test Case

4.3.1 Test Fitness Function

Figure 4.16a and 4.16b show the convergence of the GA as a function of the optimization

time. Each generation took around 12 minutes, charts present 80 generations (∼ 15h). It can be

seen that at the beginning of the optimization, the worst specimens are slowly being removed

from the population (SE decreases). After around 6 hours (30 generations), a good scheme

is found. By crossover and mutation, GA is searching different combinations of this scheme,

which results in the increase of diversity in the population (SE increases). Around 9th hour (45

generations), the best specimen is found and it starts to dominate the population so SE decreases

rapidly until a certain level, determined by the probability of mutation (because of it SE will not

drop to zero completely).

The algorithm starts from average value of FF0 ≈ 0.31, it increases in 51 generations

(around 10h or 51 × 200 ≈ 104 simulations) around 3 times to FF51 ≈ 1.01 and achieves a
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solution that is characterized by BUc ≈ 477 EFPD, max(BUa)≈ 56.5 GWd/t and max(F∆H)≈

1.45. Therefore, compared to the reference case, GA proposes an EC with around 2% lower

max(F∆H) (1.48 vs 1.45), however by the cost of the almost 3% increase of max(BUa) (55.0

vs 56.0 GWd/t, but still kept below required 60 GWd/t) and a bit more than 1% decrease in the

mean burnup of the core BUc (477 vs 483 EFPD). Overall, one can say, that the features of the

proposed core are much improved compared to the best configuration taken from the initial 200

randomly generated patterns. The final solution is also comparable to the reference EC that was

designed by the engineers. It can be even said that it is slightly better, in terms of the FF defined

by Equation 4.12, as FF of the solution is almost 1% higher than the FF of the reference case

(see Table 4.4). However, while analyzing the generated loading pattern (Figure 4.18) one can

notice that the GA tends to place FFA at the boundary of the core, which results in the flattened

power distribution but also increased leakage during the whole cycle (Figure 4.17). Therefore

1/F∆H relation seems to be too strong and affects the FF too much.

Figure 4.17: Test FF: Evolution of the F∆H (left) and L (right) for the GA solution and the reference.

It has to be remembered that the form of FF determines the solution, so the solution is

as good as is the form of the FF. Thus, a higher FF does not mean a better EC, but it certainly

shows a proper operation of the GA. Despite the significant reduction in max(F∆H) while si-

multaneously extending the cycle, it is essential to be aware that many physical processes occur

in the nuclear core, affecting each other. As can be expected, flattening the power distribu-

tion (Figure 4.17) during the cycle simultaneously increases the leakage of neutrons due to the

relative increase in flux at the core’s periphery. To optimize the F∆H value, it is necessary to

consider neutron leakage, as these two values will compete with each other, and improving one

will usually be associated with worsening the other.
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Parameter p GA(g = 0) GA(g = 51) Reference ∆GA(g=51)/Re f [%]

BUc [EFPD] 426 477 483 -1.2

max(BUa) [MWd/t] 67.4 56.5 55.0 +2.7

max(F∆H) 2.01 1.45 1.48 -2.0

FF (Equation 4.13) 0.61 1.01 1.00 +0.8

Table 4.4: Test FF: Comparison of the reference core and GA solutions after generation g: GA(g = 0) -
best randomly generated (best solution from the initial population), GA(g = 51) - best solution after 51

generations, and ∆GA(g=51)/Re f - ratio of the FFs (in %).

Figure 4.18: Test FF: Top part of the loading pattern for the GA solution.

4.3.2 Main Fitness Function

After conducting test optimization using the initial form of the FF (Equation 4.12), GA

was run using the modified FF (Equation 4.13). Figure 4.20a and Figure 4.20b show the con-

vergence of the GA as a function of the optimization time. The charts present 150 generations

(∼ 30h). It can be seen that after around 20 generations, a good scheme is found. Around 80

generations (∼ 16h), the best specimen is found and it starts to dominate the population so SE

decreases again to a certain level, determined by the probability of mutation.

Figure 4.19: Main FF: Evolution of the best (black solid line) and average value (black thin line) of the
FF at each generation and evolution of SE (red line) compared to the reference (dotted line). N = 200

specimens, 150 generations, pm = 0.10, pc = 0.90 and FF in the form of Equation 4.13.
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(a) (b)

Figure 4.20: Main FF: Evolution of the optimized parameters: (a) main goal of the optimization -
average burnup of the core BUc and (b) evolution of the penalty functions factors - max(F∆H), average
leakage L, max FA burnup max(BUa) and their threshold values. Optimization for N = 200 specimens,

150 generations, pm = 0.01, pc = 0.90, FF in the form of Equation 4.13.

The algorithm starts from average value of FF0 ≈ 0.26, it increases in 96 generations

(∼ 19 h or total number of 96×200 ≈ 2 ·104 simulations) around 4 times to FF96 ≈ 1.02 and

achieves a solution that is characterized by BUc ≈ 17.27MWd/t (or 484.1 EFPD), max(BUa)≈

57.3 GWd/t, max(F∆H) ≈ 1.478 and L ≈ 2.59 %. Table 4.5 presents a comparison between

the best randomly generated core (from the initial population), the proposed solution and the

reference case.

Compared to the reference case, GA proposes an EC characterized by an extended life-

time (+1.1 EFPD), decreased average leakage (-0.03pp.), and similar value of max(F∆H) (1.477

vs 1.478), but on the other hand by the cost of around 4% increase of max(BUa) (55.0 vs 57.3

GWd/t, but kept below required value). Similar to the previous case, one can say, that the

features of the proposed core are much improved compared to the best random configuration

(max(FF0) = 0.64, see Table 4.5). The final solution is also comparable to the reference and,

again, it can be considered to be slightly better, in terms of the defined FF (2% higher FF). This

time, max(F∆H) does not dominate the optimization, GA increases the length of the cycle and

keeps the other parameters close to the defined values, including leakage (Table 4.5).

Therefore, after the tests, FF was used in the form of Equation 4.13 for the remaining

part of the study, i.e. for GA, PSA, and Hybrid algorithms and 1/8 and 1/4 symmetries. The test

GA solution is not analyzed in detail as full optimization is done and described in Section 4.4

and Section 4.5.
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Parameter p GA(g = 0) GA(g = 96) Reference ∆GA(g=96)−Re f

BUc [EFPD] 473.4 484.1 483.0 +1.1

BUc [GWd/t] 16.9 17.27 17.23 +0.04

L [%] 2.09 2.59 2.62 -0.03

max(BUa) [GWd/t] 59.9 57.3 55.0 +2.3

max(F∆H) 1.755 1.478 1.477 +0.001

FF (Equation 4.13) 0.64 1.02 1.00 +0.02

Table 4.5: Main FF: Comparison of the reference core and GA solutions: GA(g = 0) - best randomly
generated (best solution from the initial population), GA(g = 96) - best solution after 96 generations,

and ∆GA(g=96)−Re f - differences between the values of the optimized and reference cores.

4.4 Results of the Case 1: 1/8 symmetry

The following section presents an optimization conducted for the before-described core,

based on the EPR reactor (Section 4.1.2). Simulations were carried out for three algorithms:

GA, PSA, and PSA+GA hybrid, and 1/8 symmetry, for N = 200 specimens assessed at the same

time (parallel SMART calculations through the Copilote GUI [162]), pm = 0.10 (mutation per

specimen), pGA
c = 0.9, pPSA+GA

c = 0.2 (PMC method) and n = 20 (tournament size). All the

algorithms were run for G = 100 generations. The section details the course of the simulations

and the analysis of the obtained solutions.

4.4.1 Optimization

Figure 4.21 presents the convergence of the algorithms, i.e. the maximal value of the

FF, average FF, and the standard deviation over the population at each generation step. All the

algorithms start from a random FF value of around 0.3-0.7 and in around 50-60 generations

(around 14 hours of calculations) they achieve a solution characterized by FF value comparable

to the reference case ( ∼1.0, see Figure 4.21).

Table 4.6 presents summarized properties of the optimized solutions proposed by PSA,

GA, and PSA+GA compared with the reference case and best random configuration, selected

from 3 · 200 = 600 randomly generated starting points. One can see that PSA+GA solution is

characterized by the highest FF value (1.031), the second best is the PSA solution (1.012), and

then the GA one (1.005). The solutions offer extended cycles by around 3.1, 3.4, and 2.0 EFPD

respectively. In the case of GA, it is achieved by the cost of increased leakage (around 0.2 pp.).

All the solutions are characterized by increased maximal FA burnup (additional 0.3-2.9 GWd/t),
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Figure 4.21: Case 1: Convergence of the optimization algorithms.

however, for all of them, it is kept below the required 60 GWd/t.

Table 4.6: Case 1: Summary of the optimization results, for PSA, GA, and PSA+GA algorithms,
compared with reference case and random solution, 1/8 symmetry.

Parameter reference random* PSA GA PSA+GA

FF (Equation 4.13) 1.000 0.737 1.012 1.005 1.031

BUc [GWd/t] 17.23 16.88 17.35 17.30 17.33

BUc [EFPD] 483.0 473.2 486.4 485.0 486.1

max(F∆H) 1.477 1.765 1.517 1.480 1.491

L̄[%] 2.62 2.65 2.37 2.84 2.50

max(BUa)[GWd/t] 55.0 56.4 57.9 55.3 57.5
*best solution out of the randomly generated initial 3 ·200 = 600 configurations

Figure 4.22 presents the evolution of the population over time during optimization. The

points on the chart represent a single individual of the population for the entire optimization,

respectively F∆H (Figure 4.22a-c), leakage (d-f) and max(BUa) (g-i) as a function of BUc. Fig-

ure 4.22j-l present F∆H as a function of leakage (two strongly inter-dependant parameters),

together with assumed threshold values (dotted horizontal line), for PSA, GA and PSA+GA

algorithms respectively. The colors in the figures represent the number of individuals in the

population, with blue color indicating single individuals, while red indicates that the majority

of the population is concentrated at that point. In the figure, one can see that from an evenly

distributed initial population, the population moves towards optimal values, i.e. higher burnup,

lower leakage, lower F∆H , and maximal FA burnup below the defined value.

Looking at the charts in (Figure 4.22), one can see differences in the distributions be-
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Figure 4.22: Case 1: Population evolution in the space of penalty parameters and core mean burnup
for PSA, GA, and PSA+GA, 1/8 symmetry, N=200 specimens for G=100 generations. Dotted

horizontal lines present defined limits imposed on the parameters.

tween algorithms. For PSA, most of the population is concentrated around one point, with some

distribution around it. Thus, it can be inferred that the algorithm has practically converged to

a solution, which is evident in Figure 4.21 by the constant value of FF for the best global so-

lution, although the relatively high standard deviation suggests that the population has not yet

converged to a single solution (despite the temperature in the PSA dropping to zero), probably
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due to the fairly large number n in the tournament method, the selection is not as strict, which

allows for maintaining diversity in the population.

For the GA solution, the area of light yellow, green, and red color is significantly larger,

indicating a lack of convergence of the population to a single solution and a broader search for

solutions, also related to less restrictive selection and additionally to mutation, and in this case

too few generations (FF is still increasing, and the standard deviation is large, as can be seen in

Figure 4.21).

For the PSA+GA, the solution seems to converge most to a single point, with the pop-

ulation concentrated around it and with little dispersion, which is confirmed by FF plot in Fig-

ure 4.21. It should be remembered that apart from soft selection, the hybrid method also in-

volves mutation (which does not decrease with generations) and maintains diversity at a certain

level.

From the charts in Figure 4.22, it can be inferred that F∆H is the most problematic param-

eter among those considered. Among random configurations (blue points sparsely distributed

across the chart), it is easy to find a solution with low leakage and a low value of max(BUa).

However, none of the random configurations meet the requirement for the maximum value of

F∆H . Only after a certain number of generations the algorithms approach the imposed value,

essentially only GA manages to reach a solution with the required uniformity of power distri-

bution. It is apparent that this is achieved at the expense of leakage (and lower FF value), as

the GA solution approaches the set boundary "from above", i.e., from higher leakage values,

whereas for PSA and PSA+GA, the algorithms reach the boundary value "from below", i.e.,

from lower values. Different strategies and pursuits of different solutions are visible here.

4.4.2 Discussion on the Results

Figure 4.24 presents the evolution of F∆H , FQ, Leakage, and BC during the cycle (see

definitions in Section 1.2.4), for the reference case, and Figure 4.23 presents the loading patterns

proposed by the algorithms.

100



(a) PSA (b) GA (c) PSA+GA

Figure 4.23: Case 1: EC proposed by the algorithms, 1/8 symmetry.

Since values such as max(F∆H), average leakage, or cycle length are values describing

the objective function and allow for the algorithm’s operation, they do not, however, reflect the

course of the cycle and are not sufficient to accurately assess the obtained solution. For this

purpose, a more detailed cycle analysis was conducted for the obtained solutions. Figure 4.24

presents the evolution of F∆H , FQ, Leakage, and BC during the whole cycle, for the reference

case and the solutions proposed by the algorithms, for the 1/8 symmetry case. Below we briefly

analyse their characteristics.

PSA solution

From Figure 4.24 one can see that PSA proposed a low-leakage solution, with leakage lowered

by around 0.4-0.2 pp throughout the cycle, compared to the reference. At the same time, F∆H

and FQ are above the reference core values, but still kept within reasonable boundaries, below

1.5 and 1.9, respectively, for most of the cycle. The solution requires more BC at BLX, 1496 vs

1432 ppm. In this configuration (Figure 4.23a), an outer ring of highly burnt fuel assemblies is

visible, maintaining low neutron leakage. Then, there is a ring of mainly new assemblies. Inside

the core, there is a cross structure composed of both fresh and burnt fuel assemblies. However,

the burnt assemblies dominate, reducing the unevenness of the power distribution.

GA solution

GA proposes a solution with F∆H lowered at BOC, then it is higher than the reference but smaller

than required max(F∆H) (Figure 4.24). The leakage is, however, increased throughout the whole

cycle, by around 0.05 pp. at BOC, up to almost 0.4 pp. at EOC, which increases the average

leakage and decreases FF. In the configuration (Figure 4.23b) there are several FFA arranged

right at the edge, which explains the high leakage. It also appears to consist of rings of burnt

and fresh fuel assemblies, and the core itself is intersected by diagonal structures. However, the
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(c) Leakage (d) Boron concentration

Figure 4.24: Case 1: Evolution of the FF parameters, for 1/8 symmetry, for PSA, GA, PSA+GA and
ref. case.

specific arrangement strategy is less distinct.

PSA+GA solution

The hybrid algorithm proposes a solution between GA and PSA. The F∆H is higher than in the

case of GA, it’s higher than the reference case, but also almost maintained below the designated

limit (Figure 4.24). On the other hand, the solution is characterized by lower neutron leakage,

compared to the GA solution, but is higher than the PSA one. Compared to the reference case,

the leakage is smaller, especially at BOC, and then it converges to similar values. The solution

also requires increased BC at BLX, at a level similar to the PSA one (1498 vs 1496 ppm). In

the configuration (Figure 4.23c), at the edge of the core mainly fuel assemblies with medium

and high burnup levels are arranged, ensuring low leakage. Inside, new and partially burnt fuel

assemblies are alternately placed, resulting in a relatively flat power distribution.
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4.5 Results of the Case 2: 1/4 symmetry

The following section presents an optimization conducted for the EPR-like core with

1/4 symmetry, for N = 200 specimens, pm = 0.10, pGA
c = 0.9, pPSA+GA

c = 0.2 and n = 20, for

G = 100 generations. The section details the course of the simulations and the analysis of the

obtained solutions.

4.5.1 Optimization

Figure 4.25: Case 2: Convergence of the optimization algorithms.

Figure 4.25 presents the convergence of the algorithms, i.e. the maximal value of the

FF, average FF, and the standard deviation over the population at each generation step. All the

algorithms start from a random FF value of around 0.4-0.5 and in around 70-80 generations

(around 16 hours of calculations) they achieve a solution characterized by FF value comparable

to the reference case ( ∼1.0, see Figure 4.25). Table 4.7 presents the summary of the properties

of the optimized solutions proposed by PSA, GA, PSA+GA compared with the reference case

and best random configuration, selected from 3 ·200 = 600 randomly generated starting points.

One can see that GA solution is characterized by the highest FF value (1.061), the second best

is the PSA solution (1.053), and then the PSA+GA one (1.035). The solutions offer extended

cycles by around 3.7, 3.4, and 2.8 EFPD respectively. In the case of PSA and PSA+GA, it is

achieved by the cost of increased leakage (around 0.1 pp.). All the solutions are characterized

by increased maximal FA burnup (additional 1.2-1.5 GWd/t), however, for all of them, it is kept

below the required 60 GWd/t.

Figure 4.26 presents the evolution of the population for each of the algorithms within the

space of the penalty parameters (Equation 4.13) and mean core burnup, together with assumed
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Table 4.7: Case 2: Summary of the optimization results, for PSA, GA, and PSA+GA algorithms,
compared with reference case and random solution.

Parameter reference random* PSA GA PSA+GA

FF (Equation 4.13) 1.000 0.614 1.053 1.061 1.035

BUc [GWd/t] 17.23 16.83 17.35 17.36 17.32

BUc [EFPD] 483.0 471.8 486.4 486.7 485.8

max(F∆H) 1.477 1.765 1.477 1.475 1.478

L̄[%] 2.62 2.65 2.64 2.54 2.65

max(BUa)[GWd/t] 55.0 56.4 56.5 56.2 56.5
*best solution out of the randomly generated initial 3 ·200 = 600 configurations

threshold values (dotted horizontal line). As in the case of 1/8 symmetry, the population moves

towards optimal values, starting from evenly distributed specimens. The differences are visible

in the spread of each distribution, for each algorithm. PSA seems to be mostly spread, probably

not achieving a full convergence after assumed 100 generations. For GA and PSA+GA there

are more visible convergence paths (narrow red regions in Figure 4.26), with some dispersion

around the solutions, related to the mutation and the softness of the selection method. On the

other hand, for the realizations and defined settings (acceptance rate, mutation, etc.) PSA seems

to be the least selective algorithm, so it has the lowest tendency to discard worse solutions, GA

seems to be more selective (despite mutation) and it searches for solutions in the proximity of

the current best solution, whereas PSA+GA seems to be in between these two strategies.

4.5.2 Discussion on the results

Figure 4.28 presents the evolution of F∆H , FQ, Leakage, and BC (definitions in Sec-

tion 1.2.4) during the cycle and Figure 4.27 presents the loading patterns proposed by the algo-

rithms. Below we briefly analyse their characteristics.

PSA solution

From the Figure 4.28 one can see that PSA proposed a solution with lowered F∆H and FQ values

and flattened power distribution. Both F∆H and FQ are below the reference core values within

the whole cycle. The solution is characterized by lower than reference leakage at the beginning

of the cycle, but it increases above the reference, in the second half of the cycle. It also requires

more BC at the beginning of the cycle with xenon equilibrium (BLX), 1466 vs 1432 ppm. In

this configuration, one can see the rings of spent fuel and fresh fuel stacked alternately, as seen
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Figure 4.26: Case 2: Population evolution in the space of penalty parameters and core mean burnup
for PSA, GA, and PSA+GA, N=200 specimens for G=100 generations. Dotted horizontal lines present

defined limits imposed on the parameters.

from the outer edge of the core. The centre is dominated by FA with a medium burn-up level

(see Figure 4.27a).

GA solution

GA proposes a low-leakage loading scheme, with leakage lowered by around 0.2pp throughout

the whole cycle. Although the max(F∆H) is below the reference case (resulting in relatively
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Figure 4.27: Case 2: EC proposed by the algorithms.

high FF), the F∆H and FQ values are higher than reference for most of the cycle. It is, however,

kept below a reasonable level (below 1.48) and is more constant during the cycle, compared to

other solutions (it oscillates around 1.46 for most of the time). The solution is characterized by

the highest FQ value for MOC, achieving 1.80 vs 1.74. It requires the highest value of BC at

BLX (1473 ppm). The configuration (Figure 4.27b) is quite interesting, resembling alternately,

rotated by 45 degrees square structures, inscribed in a circle, with successively high and low

burnup levels. The center of the core is filled with medium and low burnt FA, with high burnt

FA spirally converging towards the center. In general, FAs are more homogeniously distributed

in terms of burnup than PSA one.

PSA+GA solution

The hybrid algorithm proposes a solution in between GA and PSA, in terms of power distribu-

tion factors. It is, however, characterized by worse leakage properties than the PSA solution.

On the other hand, it requires the smallest BC at BLX, than other proposed solutions (1457

ppm), which may be crucial f.i. in the case of the moderator temperature coefficient (MTC).

The FA pattern of the solution is more evenly distributed, the outer layer contains a mixture of

fresh fuel and high burn-up fuel, mainly arranged in vertical and horizontal lanes. The center,

apart from the lanes of burnt FA, contains mainly medium level burnt FA (Figure 4.27c).
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Figure 4.28: Case 2: Evolution of the FF parameters, for 1/4 symmetry, for PSA, GA, PSA+GA and
ref. case.
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4.6 Summary

4.6.1 Comparison of the considered cases

As part of the EC optimization, an EPR-like core with two symmetries, 1/8 and 1/4,

was considered. On one hand, the smaller symmetry means a significant reduction in the space

of possible solutions (from the order of 1086 to 1046, which is about 1041 times less, see Sec-

tion 2.1.1). On the other hand, greater symmetry implies imposing more stringent requirements

regarding the selection and movement of fuel assemblies in the core. Comparing the advantages

of these two scenarios, we may conclude that one is associated with a smaller search space and

the other with greater freedom of the algorithm. Therefore, it is not so straightforward to predict

which problem may lead to a better solution.

Figure 4.29: EC reloadings for Case 1: PSA+GA 1/8 and Case 2: PSA 1/4 solutions.

This section contains a comparison of selected solutions for 1/8 and 1/4 symmetries. For

the 1/8 case, the solution with the highest FF value - obtained through PSA+GA, being a low-

leakage type solution, was chosen. For the 1/4 case, the solution with the highest FF value is the

GA solution, however, it is characterized by a higher F∆H value than the reference case and also

has a low-leakage configuration. A slightly lower FF value (1.053 vs 1.061) is achieved by the

PSA solution, which at the same time is characterized by a similar leakage to the reference case

while having a reduced F∆H value, which was determined as the most challenging parameter

to optimize (in the case of 1/8 symmetry none of the algorithms managed to improve it). To

compare different solutions and focus on F∆H , despite a slightly lower FF, for the 1/4 symmetry,

it was decided to compare PSA+GA 1/8 solution with the PSA 1/4 one.
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The simulations carried out show that each version of the algorithm, for each scenario

works correctly and is able to propose, in less than 100 generations (around 20 hours), a solution

comparable to the reference or slightly better within the defined objective function. In each case,

the algorithm proposed a solution with slightly different characteristics. All proposed a longer

cycle, which was the main objective of the study but here we focus on two selected solutions:

PSA+GA 1/8 which proposed an EC with reduced leakage and PSA 1/4 which proposed a

solution with flattened power distribution.

Figure 4.29 present reloading schemes of compared solutions. Each position in the

figure represents the position of the assembly in the previous cycle or the position of the FFA

(depicted as “NEW”). Color denotes the level of burnup, from white (FFA) to red (ca. 50

GWd/t).

Figure 4.30: Evolution of the FF parameters, for Case 1: PSA+GA 1/8 and Case 2: PSA 1/4 solutions
and the reference case.

For the PSA+GA 1/8 solution, most of the FFA are placed at around 3/4 of the radius of

the core, and then most of them are either moved to the inner part and come back to the outer

part or vice versa, being a combination of the out-in and in-out shuffling methodologies [7]. The

solution is characterized by extended lifetime (485.8 vs 483.0 EFPD), lowered leakage (2.50%

vs 2.62% on average), relative power at the nodes at the boundary is decreased, especially at the

beginning of the cycle at BLX with maximum 0.82 vs 0.98 (see Figure 4.31). During the cycle,

the power peaking moves slightly towards the edge of the core, achieving leakage and power
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distribution more similar to the reference case (Figure 4.30c and Figure 4.31d-f). On the other

hand, throughout the whole cycle, it requires higher BC (Figure 4.30d) and is characterized by

higher F∆H and FQ values than the other cases (Figure 4.30a,b). The value of the max(BUa) is

higher by around 2.5 GWd/t compared to the reference case, but still below the required safety

level (60 GWd/t).

For the PSA 1/4 solution, FA are also placed in a mixed out-in/in-out manner, how-

ever, FFA and FA with different burnup levels are more evenly distributed resulting in flattened

power distribution compared to the PSA+GA 1/8 solution, and similar or slightly better when

compared to the reference case. The solution at BLX is characterized by slightly higher F∆H

than the reference case but starting after 0.5 GWd/t it becomes lower (Figure 4.30a). For the

solution, leakage is lower at the first half of the cycle, and then it is higher than the reference,

achieving 2.64% on average (vs 2.62%, Figure 4.30c).

Symmetry 1/8 Symmetry 1/4

Reference PSA+GA ∆PSA+GA-
Ref PSA ∆PSA-Ref

FF (Equation 4.13) 1.000 1.031 +0.031 1.053 +0.053

BUc [EFPD] 483.0 485.8 +2.8 486.4 +3.4

BUc [GWd/t] 17.23 17.33 +0.10 17.35 +0.12

max(F∆H) 1.477 1.491 +0.014 1.477 0.000

L¯[%] 2.62 2.50 -0.09 2.64 +0.02

max(BUa) [GWd/t] 55.0 57.5 +2.5 56.5 +1.5

Table 4.8: Summary of the results for Case 1: PSA+GA 1/8 and Case 2: PSA 1/4.

4.6.2 Conclusions

In this part of the study, EC optimisation was performed to extend the cycle while main-

taining or improving selected factors - power distribution, maximum fuel assembly burn-up and

neutron leakage. The study assumed two symmetries - 1/8 and 1/4 - and three algorithms were

used: GA, PSA and PSA+GA. This section will describe the conclusions that can be drawn

from the optimizations carried out.
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Figure 4.31: Power distribution for the reference EPR (a-c) and proposed solutions Case 1: PSA+GA
1/8 (d-f) and Case 2: PSA 1/4 (g-i) for BLX, middle of the cycle (MOC, 9000 MWd/t) and end of the

cycle (EOC, sin17000 MWd/t).
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Algorithm and optimization

The analyzed cases showed that each algorithm works correctly and is able to propose from a

random configuration a solution comparable to the reference case and even improve the indi-

cated parameters. Importantly, on the basis of the simulations carried out, it is not possible to

unambiguously identify the best algorithm for the search for the optimal EC. Admittedly, it can

be concluded that the proposed hybrid PSA+GA method gives the best result for 1/8 symmetry,

while the GA and PSA give a better result for 1/4 symmetry. This is consistent with the general

perception that GA is relatively more specialized in searching high-dimensional spaces com-

pared to other algorithms. However, it is important to emphasize that it was just one realization

of each of the algorithms and scenarios, so it is hard to draw any general conclusions. Based

on Figure 4.26 and Figure 4.22 one should think of the described optimization as searching for

a hyper-volume (red regions in Figure 4.26 and Figure 4.22) or a set of schemes, rather than

searching for a single, optimized solution, as the optimized parameters are interdependent.

Symmetry

One of the main questions was to determine which symmetry is more advantageous from the

point of view of the optimisation algorithm - 1/8 or 1/4. As previously mentioned, one case

involves a much smaller search space but additional constraints, while the other involves a larger

space but also more freedom for the algorithm. From the simulations, it might be concluded

that it is more optimal to use 1/4 symmetry. For all versions of the algorithm, FF reaches a

larger value, with the same number of generations. The impact of the reduced search space for

the 1/8 symmetry can be seen in the faster (but to a smaller value) overall convergence of FF.

Interestingly, for both scenarios, convergence to similar values occurs after a similar number

of generations, and then for the 1/4 symmetry FF continues to increase. This may be counter-

intuitive, as it would appear that increasing the search space may slow down the convergence

of the algorithm for 1/4 compared to the 1/8 symmetry.

For the conducted scenarios, it may therefore be concluded that searching for solutions

with 1/4 symmetry is more effcient. However, it should be mentioned that for 1/8 symmetry,

some restrictions were imposed that could be avoided. In this scenario, the division of FFA

between octagonal and diagonal parts was predetermined (taken from the reference model), and

movement between these parts was not possible, which in general could be changed.
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These changes (initial distribution of FFA and their movement) would provide access

to solutions that were inaccessible, without significantly increasing the solution space as is the

case with 1/4 symmetry. Such an in-between case could be interesting to analyze, but due to

its more complicated implementation, it was not considered in this work. The analyses also

indicate that increasing the space to the one used in Case 2 does not significantly affect the

algorithm’s performance and does not disrupt its operation. At this point, it seems that 1/4 sym-

metry produces better results and can be applied if other technical requirements do not impose

more detailed symmetry.

Solutions

The solutions obtained and analysed are mainly characterised by either reduced leakage or

reduced power imbalance, but the overall characteristics are otherwise similar to the model ref-

erence - the BC waveform, power distribution, cassette alternation, is similar for each of the

selected cases. One could say that from a random pattern the algorithm was able to generate a

loading pattern with similar characteristics to the one designed by the fuel design team. This

demonstrates the incredible potential of a tool that can support the fuel team, automating and

speeding up the process. Of course, this study did not consider all the factors that the cycle

design team investigates. Among other things, no limits were placed on the BC, especially at

the beginning of the cycle, which can have a significant impact on, for example, the moderator

temperature coefficient (MTC), which for light-water reactors must necessarily remain negative.

Role of the algorithm

Based on the analyses carried out, it can be shown that the application of optimisation tools

has great potential in nuclear engineering and can serve as a tool to support the design and use

of nuclear systems. However, it should be recalled that the fuel cycle is an extremely complex

problem, combining many physical, neutronic, and thermo-mechanical phenomena and issues.

However, existing design is usually based on a similar or pre-existing solution, but an algorithm

can provide the fuel pool with an efficient starting point. They can significantly reduce the

workload required to design a fuel management strategy, as well as enabling them to go beyond

existing designs and potentially offer more efficient and safer solutions.
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Future improvements

Although the algorithm has demonstrated correct operation and is able to generate and optimize

the selected EC and indicated parameters, there are a number of improvements that can be

implemented in the future studies. Firstly, the freedom of the algorithm could be increased by

allowing it to select FFAs from a pre-defined set. Then it could also consider using assemblies

that are in the pool and come from previous cycles. Another important aspect for testing the

algorithm is to allow FA transfer between zones A and B for 1/8 symmetry. Such a solution

would combine the advantages of both symmetries - reducing the solution space and at the

same time not excluding solutions assuming such cassette movement. A large area of possible

change is further work on the form of the objective function, various definitions and weights

and coefficients, the penalty function, and above all the list of parameters that it takes into

account, such as BC, MTC, linear power density as well as well as mechanical properties such

as deformations and bending of FA. Due to the multi-objectivity of this problem, it would also

be possible to use other methods that do not require the explicit form of FF (eg. NSGA-II, see

Section 1.3.4). Another area is the use of other optimisation techniques, Tabu Search, Particle

Swarm Optimisation or Reinforced Learning [44, 165] and the use of the Surrogate Model to

replace time-consuming calculations, e.g. with an artificial neural network [166].
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5 Optimization of the irradiation scheme

5.1 MARIA reactor

5.1.1 Description of the MARIA reactor

MARIA reactor is an open pool type, research reactor with pressurized fuel channels and

nominal thermal power of 30 MW, located at the Polish National Centre for Nuclear Research

(NCBJ) in Otwock/Świerk. The reactor core consists of a beryllium moderator matrix with

pressurized fuel elements, control rods, and irradiation channels (see an example configuration

in Figure 5.1). The matrix is surrounded by graphite blocks that act as a reflector. The entire

assembly, arranged in a conical shape, is placed in a structure called a basket (see Figure 5.2).

Adjacent to the reactor pool is a storage pool (fuel pool) mainly used for the temporal storage

of spent fuel and various types of probes. It also serves as an underwater transport route to

the hot cells, particularly to the disassembly chamber. A vertical cross-section of the reactor is

presented in Figure 5.2.

Figure 5.1: Beryllium matrix of the MARIA reactor core (an example configuration) [167].

In the core, there are vertical channels for the production of radioactive isotopes, as well

as testing probes and loops. Additionally, for neutron beam research, horizontal channels are

extended from the graphite matrix [167,168]. In the matrix, there are fuel elements in the shape

of concentric cylinders containing low-enriched uranium (LEU) fuel enriched to 19.7%, in the

form of a UO2 dispersion in aluminum. The concentric cylinders are designed as pressurized

channels through which water flows, providing a separate cooling system for each fuel element
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[168]. The core typically contains about 20-25 such fuel elements. The beryllium and graphite

blocks are shaped as truncated cones with square bases, some featuring chamfered corners. The

beryllium blocks function as moderators (together with water) and include isotope channels,

typically with diameters ranging from 25 to 60 mm. Graphite blocks that surround the beryllium

matrix, serve as reflectors and are encased in 2mm thick aluminum. Control rods, safety rods,

and the automatic compensation control rod are made of B4C and are placed in beryllium blocks

in channels with 28mm diameter (see an example configuration in Figure 5.1) [167, 168].

Figure 5.2: Vertical cross-section of the MARIA reactor pool with the core and technology pool [167].

5.1.2 Radionuclides production

The MARIA reactor’s design allows different types of irradiation, each designed to aim

specific requirements related to neutron flux properties, irradiation duration, and the physical

characteristics of target materials. MARIA reactor accommodates several irradiation setups and

neutron sources, capable of delivering a neutron flux up to 3×1014 n/cm2s for thermal neutrons

and 2×1014 n/cm2s for fast neutrons.

MARIA contains multiple vertical irradiation channels placed within the region of the

reactor core and reflector, mainly used for radionuclide production. A key target material is

tellurium dioxide, with around 2000 containers (nearly 200 kg in total), irradiated annually,

generating over 1 PBq of 131I. Other important radioisotopes produced in the MARIA facility

are S-35, P-32, Sm-153, Yb-169, and Co-60 [169].
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Especially important for the MARIA research reactor is 99Mo, radionuclide essential in

nuclear medicine (see Section 1.1.2). MARIA plays a crucial role in the irradiation of uranium

targets for the production of this isotope and its daughter isotope 99mTc. In response to a global

shortage of 99Mo in 2010 [24], the management of the MARIA reactor committed to irradiating

newly designed LEU targets and MARIA has been engaged in the commercial irradiation of

uranium targets for the production of 99Mo [24, 170]. Figure 5.1 presents the main sources of

Mo-99 production worldwide in the year 2016. MARIA reactor is one of the key suppliers

of this nuclide as in 2016, it accounted for 9% of its global production [171]. Despite the

listed sites producing Mo-99, shortages of this isotope still occur regularly due to accidents,

inspections, and renovations of other reactors in Europe and around the world. One of the

solutions that could help improve the situation related to the production of this radioisotope

is improving the production process, therefore, the further part of the study focuses on the

production of this isotope.

Table 5.1: List of reactor facilities that irradiate targets for Mo-99/Tc-m99 production, as of
2016 [171].

Reactor Country Power
(MWt)

Fuel
Type

Start of Oper-
ation

License Expi-
ration

Mo-99 Produc-
tion (Ci/year)

Global Ca-
pacity (%)

BR-2 Belgium 100 HEU 1961 2026 210,600 21

HFR Netherlands 45 HEU 1961 2024 228,000 23

LVR-15 Czech Republic 10 HEU 1957 2028 72,000 7

MARIA Poland 30 HEU 1974 2030 95,000 9

NRU Canada 135 HEU 1957 2018 187,200 19

OPAL Australia 20 LEU 2006 2055* 75,250 8

SAFARI-1 South Africa 20 HEU/LEU 1965 2030 130,700 13

Total 998,750 100

*estimated date

5.2 Theoretical considerations

5.2.1 Introduction to the problem

Before the implementation of the optimization framework was carried out, simple theo-

retical studies were conducted with the aim of preliminary analysis of a potential optimization

problem. Therefore, in this chapter, we undertake a multifaceted analysis to address the ques-

tion of optimizing the production of a certain nuclide, focusing on the efficiency of utilizing
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the target material in a nuclear reactor core. To explore this optimization problem, we conduct

three distinct analyses: a direct comparison of irradiation strategies based on different num-

bers of samples, a theoretical examination of sample shuffling, and an economic analysis of the

irradiation cycles.

To compare different methods, we introduce a measure determining the efficiency of

utilizing the target material, namely the ratio of the final concentration of isotope B to the initial

concentration of the utilized target material A:

ηB(n) =
NB(n)

NA
. (5.1)

In the first problem we wonder whether, from the standpoint of efficiency in utilizing

the target material, it is more effective to place a smaller number of samples in the core for

a longer period (e.g., for two cycles) or a larger number of samples for a shorter period (e.g.,

one cycle each). On one hand, irradiating one sample for a longer period will lead to greater

utilization of material A, but on the other hand, the amount of material A will decrease with

irradiation, slowing down the production rate. Insertion of two samples will, of course, lead to

the production of a larger amount of material B but also at the expense of using a larger amount

of material A (see Figure 5.3). The outcome will, of course, depend on the value of the flux, the

value of the cross-section, and the decay constant of the produced isotope.

Figure 5.3: A schematic concept of two different irradiation schemes. Irradiation of one sample for
two cycles (left) and irradiation of two samples for one cycle each (right).

In the second problem, we try to answer the question of whether, in the case of irradiating

many samples over many cycles, it is more efficient to place the samples in given positions for

the entire duration of the cycles or rather to exchange the positions of the samples between the

cycles. Assuming we have two positions in the reactor: the first one characterized by a high
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reaction rate and high production efficiency (black curve in Figure 5.4), and the second position

characterized by a low reaction rate (red curve in Figure 5.4), swapping the samples’ positions

between cycles should increase production efficiency. It can be expected that since, throughout

a cycle, nuclide A depletes faster in the first position than in the second, swapping the samples

should effectively increase the exposure of nuclide A and enhance production efficiency.

Figure 5.4: The schematic concept of irradiating two samples over two cycles in two positions - one
with a high reaction rate (black curve) and one with a low reaction rate (red curve), for two scenarios:

irradiation without swapping (left chart) and with swapping positions between cycles (right chart).

In the last problem, we tackle the issue of production costs and the most cost-effective

number of cycles that a sample should spend in the reactor core. On one hand, a smaller number

of cycles means lower irradiation costs, but on the other hand, it leads to worse utilization of the

sample material, necessitating the purchase of greater quantities. Similarly, longer irradiation

time means higher costs associated with the cycle but lower costs of the sample.

The questions considered become an optimization problem for which, in most cases, we

are unable to easily predict the answer. In order to initially analyze the problems, we perform

theoretical considerations using a simplified case where one isotope A is irradiated to produce

another isotope B. This scenario assumes a starting concentration NA subjected to a monoener-

getic, constant in time neutron flux φ , with isotope B being produced solely and directly through

the irradiation of isotope A. The production probability is proportional to the cross-section for

the reaction σA→B.

5.2.2 Simplification of the problem

For an infinite and homogenous material, the description of the evolution of the nuclide

concentrations can be represented as a set of rate equations [172]:

dNi

dt
= ∑

j

(
λ ji +σ jiφ(t)

)
N j, (5.2)
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where:

Ni is the number of nuclides i at time t and φ is neutron flux
(
cm−2s−1),

for j ̸= i:

+λ ji is the decay constant of nuclide j producing i
(
s−1),

+σ ji is the cross-section for reactions cucurring on j producing i
(
cm2)

and for j = i:

−λ j j is the total decay constant of nuclide j
(
s−1),

−σ j j is the total cross-section of reactions occurring on j
(
cm2).

If we assume that nuclide B is produced directly by irradiation of isotope A, only isotope

B is produced from this isotope with production probability described by cross-section σA→B,

isotope B decays, with a decay constant λB, there is no burnup of isotope B and no other reac-

tions occur, then we consider a simplified problem derived from the Equation 5.2:

dNB(t)
dt

= (NA −NB(t))σA→Bφ −λBNB(t), (5.3)

which is a first-order linear ordinary differential equation that we can rewrite in the form:

N′
B +aNB = b, (5.4)

where:

a = σA→Bφ +λB,

b = NAσA→Bφ .

We solve the ODE by multiplying the Equation 5.4 by a factor eat and then integrating

both sides. Assuming that NB(t = 0) = 0, the solution is:

NB(t) = NA
σA→Bφ

σA→Bφ +λB

[
1− e−(σA→Bφ+λB)·t

]
. (5.5)

Thus, the concentration of isotope B, created by irradiation of isotope A, after irradiation

time ∆T and cooling time ∆t can be written as:

NB(∆T,∆t) = NA
σA→Bφ

σA→Bφ +λB

[
1− e−(σA→Bφ+λB)·∆T

]
· e−λB∆t . (5.6)
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To simplify, we introduce α∆τ and β∆τ :

α∆τ =
σA→Bφ

σA→Bφ +λB

[
1− e−(σA→Bφ+λB)·∆τ

]
, (5.7)

β∆τ = e−λB∆τ . (5.8)

Both α∆τ ∈ [0,1] and β∆τ ∈ [0,1]. The factor α∆τ describes both the creation and decay of

isotope B over time interval ∆τ , and it can be interpreted as efficiency (defined in terms of

Equation 5.1), which builds up during continous irradiation. β∆τ describes the fraction of the

isotope that did not undergo decay after time ∆τ . Then, the concentration of isotope B in

Equation 5.6 can be written as:

NB(∆T,∆t) = NAα∆T β∆t . (5.9)

5.2.3 General solution for a sample irradiation for n cycles

Analyzing the solution from the previous section, we can determine a recursive formula

for the number of nuclides of nuclide B, at the end of the n−th cycle of length ∆T and a cooling

time of ∆t between each of them:

N(n)
B = N(n−1)

B β∆T+∆t +(NA −N(n−1)
B )α∆T . (5.10)

We can simplify the equation to:

N(n+1)
B = N(n)

B a+b, (5.11)

which is a nonhomogenous linear recurrence equation with constant coefficients:

a = β∆T+∆t −α∆T , b = NAα∆T .

We find the steady state value N∗
B = b

1−a , and by adding this expression to both sides of Equa-

tion 5.11, we convert the problemn into a homogeneous form:

(N(n+1)
B −N∗

B) = a(N(n)
B −N∗

B) =⇒ Ñ(n+1)
B = aÑ(n)

B ,
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the solution of which is Ñ(n)
B =C ·an. Then, returning to the heterogenous equation, and substi-

tuting back the constants and assuming that the initial condition N(0)
B = 0 (no nuclides B at the

beginning of the irradiation), we solve the heterogenous problem and obtain the solution:

N(n)
B =

NAα∆T [1− (β∆T+∆t −α∆T )
n]

α∆T −β∆T+∆t +1
. (5.12)

This formula allows for direct calculation of built-up of the numbers of nuclides of isotope B,

N(n)
B after irradiation for n cycles, using the specified parameters α∆T , β∆T+∆t related to the

irradiation conditions, and initial number of atoms of the target isotope NA.

Comparison of the solution with FISPACT-II calculations:

To determine the reliability of the simplified model, calculations were performed using Solu-

tion 5.12 and the FISPACT-II nuclide inventory code, which solves the exact nuclide evolution

equations [172] (all major pathways and reactions). The calculations were carried out for the

case of producing 99Mo from irradiation of uranium samples, up to 5 cycles. In the calculations,

the following assumptions were made:

• The sample contains NU235 = 1024 atoms of 235U ,

• It is assumed that the target is irradiated with a monoenergetic neutron flux of density

Φ = 1013 cm−2s−1,

• The irradiation occurs over five cycles lasting ∆T = 5 d each, with a break between them

of ∆t = 2 d (typical values for the MARIA reactor [167]),

• The cross-section for the production of 99Mo from the 235U is σU235→Mo99 = 37 b [20],

• The decay constant of 99Mo is λMo99 = 2.9 ·10−6 s−1 [173].

Figure 5.5 presents a comparison of the evolution of nuclide B numbers for the simplified

model and using the FISPACT-II code for the first two cycles, for which most analyses are

performed. As can be seen from the chart, the curves are very close to each other, deviating by

about 4% (Table 5.2) at the end of the second cycle.

Table 5.2 presents a comparison of the results for five cycles. One can see that for more

cycles, the error propagates for a larger number of cycles but most of the time does not ex-

ceed 5%. Since in this part, we are only interested in preliminary analysis and comparison of

methods, not precise results, and we mostly consider the first two cycles, it can be concluded

that such calculation accuracy will be sufficient for the considered case. Additionally, from
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Figure 5.5: Comparison between Equation 5.12 results and FISPACT-II calculations*, for the first two
cycles.

*Uncertainties for the FISPACT-II code calculations come from the analysis of production pathways
and uncertainties in nuclear data [172]. Most of the uncertainties are on the order of tenths of a percent,

but for visibility, the uncertainties have been rounded to one full percent.

Table 5.2: Comparison between Equation 5.12 results and FISPACT-II calculations.

n Equation 5.12 FISPACT-II ∆ [%]

1 9.079 ·1019 8.705 ·1019 4.29

2 1.063 ·1020 1.019 ·1020 4.34

3 1.089 ·1020 1.041 ·1020 4.62

4 1.094 ·1020 1.043 ·1020 4.92

5 1.094 ·1020 1.040 ·1020 5.22

Table 5.2, it can be inferred that for 99Mo production, irradiation for more than about 4 cycles

will not yield further effect (the nuclide concentration saturates). However, in considerations

related to the economics of production, for comparative purposes, we consider irradiation for

up to five cycles.

5.2.4 Optimal number of samples

In this part, using calculations from the previous section, we will conduct the first of the

analyses considered. For this purpose, we will try to determine the final concentration NB at

the end of each of the two cycles, depending on the chosen irradiation scheme, and assess the

efficiency of utilizing the target material (Equation 5.1).
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Figure 5.6: The schematic concept of irradiating one sample through two cycles a) and replacing the
sample with a new one after the first cycle b).

Case 1: one sample irradiated for two cycles (Figure 5.6a)

We calculate the final concentration of nuclide B, for one sample irradiated for two cycles and

cooling in between (1+1):

N(1+1)
B = NAα∆T ·β∆t+∆T +(NA −NAα∆T ) ·α∆T . (5.13)

N(1+1)
B = NAα∆T (β∆t+∆T +1−α∆T ), (5.14)

and corresponding efficiency of nuclide production:

η
(1+1)
B =

1
NA

·NAα∆T (β∆t+∆T +1−α∆T ) = α∆T (β∆t+∆T +1−α∆T ). (5.15)

Case 2: two samples irradiated for one cycle (Figure 5.6b)

For two samples irradiated, the final concentration for the first (1) and second (2) sample will

equal:

N(1)
B = NAα∆T β∆t+∆T ,

N(2)
B = NAα∆T .
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Thus, the total concentration (1+2):

N(1+2)
B = NAα∆T (1+β∆t+∆T ), (5.16)

and the associated nuclide production efficiency:

η
(1+2)
B =

1
2NA

·NAα∆T (1+β∆t+∆T ) =
1
2
·α∆T (1+β∆t+∆T ). (5.17)

Comparison of Case 1 and Case 2:

Here, we calculate the ratio of the efficiencies of Case 1 and Case 2 to determine when irradi-

ation by the first method (one sample for two cycles) leads to a lower efficiency:

η(1+1)

η
(1+2)
B

< 1, (5.18)

η(1+1)

η
(1+2)
B

=
α∆T (β∆t+∆T +1−α∆T )

1
2 ·α∆T (1+β∆t+∆T )

= 2
β∆t+∆T +1−α∆T

1+β∆t+∆T
,

2
β∆t+∆T +1−α∆T

1+β∆t+∆T
< 1,

2(β∆t+∆T +1−α∆T )< 1+β∆t+∆T ,

1+β∆t+∆T < 2α∆T .

We introduce the reaction rate:

r = σA→Bφ . (5.19)

Then:
2r

r+λB

[
1− e−(r+λB)·∆T

]
> 1+β∆t+∆T ,

2r
[
1− e−(r+λB)·∆T

]
> (1+β∆t+∆T )(r+λB). (5.20)

We can compare two functions f (r) and g(r) of the left and right side of the inequality (Fig-

ure 5.7):

f (r) = 2r
[
1− e−(r+λB)·∆T

]
,
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Figure 5.7: Comparison of left and right side of the Inequality 5.20,
λB = 2.9×10−6s−1,∆T = 4.3×105s,β∆t+∆T = 0.173.

g(r) = (1+β∆t+∆T )(r+λB).

Because e−(r+λB)·∆T > 0:

2r > 2r
[
1− e−(r+λB)·∆T

]
> (1+β∆t+∆T )(r+λB). (5.21)

Thus:

2r > (r+λB)(1+β∆t+∆T ),

2r− r(1+β∆t+∆T )> λB(1+β∆t+∆T ),

r(1−β∆t+∆T )> λB(1+β∆t+∆T ),

r > λB
1+β∆t+∆T

1−β∆t+∆T
. (5.22)

Due to the upper estimate of the inequality, introduced in Equation 5.21, the threshold value

of the reaction rate r, for which the first method is characterized by lower efficiency, equals at

least:

rmin ≥ r̃min = λB
1+ e−λB(∆t+∆T )

1− e−λB(∆t+∆T )
. (5.23)

126



For the given flux and neutron spectrum, the minimal value rmin depends only on the ma-

terial type, as the irradiation and cooling times are constant for the MARIA reactor (∆T = 5 d

and ∆t = 2 d). Therefore, for example for 99Mo production from 235U (σA→B ≈ 37 b, λB =

2.92 ·10−6 s−1 [20]), the minimum value of rmin > r̃min = 3.56 ·10−6 s−1 which corresponds to

a neutron flux φ̃min = 9.6 · 1020 cm−2s−1. The MARIA reactor core offers irradiation with the

thermal neutron flux up to 2 ·1015 cm−2s−1 [167] which is several orders of magnitude less than

the calculated lower boundary of the threshold value r̃min. Therefore we can conclude that for

this simplified problem, for the 99Mo production, for the MARIA reactor conditions, the first

irradiation scheme will always lead to a better target material usage in terms of the efficiency

defined as Equation 5.1.

5.2.5 Shuffeling of the samples

In this part, we consider a scenario with two samples and two different available posi-

tions for the irradiation. Each of the samples contains an equal number of nuclides of element

NA, and the positions are characterized by reaction rates r1 and r2.

Figure 5.8: The schematic concept of irradiating samples in each position for two cycles a) and
swapping the samples between cycles b).

In this analysis, we will also assume irradiation for two cycles. We will try to answer

the question of whether, from the efficiency standpoint as defined by Equation5.1, it is better to

irradiate each of the samples in one position for two cycles or to swap the samples after the first

cycle (see Figure 5.8). Using the Equation 5.9 which is a solution to the simplified Equation 5.4,

we will briefly consider these two scenarios.

To simplify the notation, the factor α∆T (Equation 5.7) associated with the production

and decay of isotope B during the cycle, will be denoted as follows:
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For irradiation in position 1:

α1 = α∆T,1 =
r1

r1 +λB

[
1− e−(r1+λB)·∆T

]
.

And in position 2:

α2 = α∆T,2 =
r2

r2 +λB

[
1− e−(r2+λB)·∆T

]
.

The factor β∆t (Equation 5.8), associated with the decay of isotope B, does not depend on the

position in the core and for both cases will be denoted as:

β = β∆T+∆t = e−λB(∆T+∆t).

Case 1: no shuffling (Figure 5.8a)

Using the earlier analyses, we calculate the number of nuclides B produced by irradiating for

two cycles at the same position, i.e. the first sample in the 1st position (1 → 1) and the second

sample in the 2nd position (2 → 2):

N(1→1)
B = NA ·α1(β +1−α1), (5.24)

N(2→2)
B = NA ·α2(β +1−α2). (5.25)

We calculate the efficiency of such an irradiation scheme as the sum of the final number of

nuclide B divided by the total number of nuclides of isotope A used:

η
( 1→1

2→2 )
B =

N(1→1)
B +N(2→2)

B
2NA

=
1
2
(α1β +α1 −α

2
1 +α2β +α2 −α

2
2 ),

η
( 1→1

2→2 )
B =

1
2
[
(α1 +α2)(β +1)− (α2

1 +α
2
2 )
]
. (5.26)
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Case 2: with shuffling (Figure 5.8b)

Now we consider the case where the samples are swapped between the cycles. Then, the total

number of nuclides B produced in the sample, irradiated in the 1st position and then in the 2nd

position (1 → 2), equals:

N(1→2)
B = NA [α1 ·β +(1−α1) ·α2] , (5.27)

and for the sample irradiated in the second and then in the first position (2 → 1):

N(2→1)
B = NA [α2 ·β +(1−α2) ·α1] . (5.28)

We calculate the efficiency of such an irradiation scheme:

η
( 1→2

2→1 )
B =

N(1→1)
B +N(2→2)

B
2NA

, (5.29)

η
( 1→2

2→1 )
B =

1
2
[(α1 +α2)(β +1)−2α1α2] . (5.30)

Comparison of Case 1 and Case 2:

Now, we calculate the ratio of the efficiencies to compare these two irradiation schemes and

determine when the first one (no change in the position of the samples) leads to a worse effi-

ciency.

η
( 1→1

2→2 )
B

η
( 1→2

2→1 )
B

=
(α1 +α2)(β +1)− (α2

1 +α2
2 )

(α1 +α2)(β +1)−2α1α2
< 1, (5.31)

(α1 +α2)(β +1)− (α2
1 +α

2
2 )< (α1 +α2)(β +1)−2α1α2,

α
2
1 +α

2
2 −2α1α2 > 0,

(α1 −α2)
2 > 0. (5.32)

Analyzing the inequality in Equation 5.32, we conclude that it is always satisfied except

for one case when α1 = α2, i.e., when the reaction rates in those positions are the same (assum-

ing the same isotopes and irradiation times). This is a very specific case, and then swapping the

samples does not affect the irradiation and leads to exactly the same efficiency.
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Therefore, we can conclude that swapping or shuffling the samples always leads to better

(or at least the same) production efficiency, in terms of the definition in Equation 5.1.

5.2.6 The most cost-effective number of cycles

Beyond physical considerations, which involve searching for irradiation conditions (time,

position) of samples in order to achieve maximum efficiency, factors related to the economics

of producing a given isotope are also important. It is understandable that the cost of producing

a given nuclide includes the cost of the nuclide from which it is derived (the sample material),

but also significant is the cost associated with the time the sample material spends under irradi-

ation (the cost of reactor operation). While longer irradiation may lead to better utilization of

the material of the sample, it can turn out to be economically unfeasible. Unfortunately, while

it’s relatively straightforward to determine the cost of the sample, defining the cost of reactor

operation is a challenging task. Due to numerous variables (operational costs, fuel costs, spent

fuel management, decommissioning, service, staffing) and non-obvious financing mechanisms,

determining the actual costs of reactor operation is in itself a research topic [174]. In this part,

however, we will attempt a simple analysis of cost relationships and potential optimal solutions.

In this analysis, we assume that the goal is to produce a constant, expected number of

NEXP
B atoms (number, mass, or concentration) of nuclide B from nuclide A. In a simple model,

we assume that the cost C(n) of producing NEXP
B nuclides consists of two components: the

first one is related to cycle costs, proportional to the time the sample spends in the core, and

proportional to its mass, as we assume that providing the required number of atoms NA is done

by increasing the mass of the sample (so the volume it occupies in the core), not its enrichment

(enrichment remains constant). The second component is related to the costs of purchasing or

producing NA nuclides of the sample.

The number of nuclides A (number, mass, or concentration), NA, required to produce

NEXP
B depends on the chosen scenario and efficiency ηB(n):

NA(n) =
NEXP

B
ηB(n)

. (5.33)

130



Therefore, the total production cost we write as a sum of the two components:

C(n) =C1 ·n ·NA(n)+C2 ·NA(n), (5.34)

where C1 is the unit cost of occupying space in the core per cycle, and C2 is the cost of the target

material. By substituting the expression from Equation 5.33, we obtain:

C(n) =C1 ·n ·
NEXP

B
ηB(n)

+C2 ·
NEXP

B
ηB(n)

.

Given the fixed number of expected nuclides NEXP
B to be produced and costs of the sample C2,

we can scale C(n) as:

Ĉ(n) =
C(n)

C2 ·NEXP
B

=
C1

C2
· n

ηB(n)
+

1
ηB(n)

, (5.35)

Ĉ(n) =
1

ηB(n)
(ξ ·n+1), (5.36)

where:

ξ =
C1

C2
(5.37)

is a ratio between the unit costs of the cycle C1 and unit costs of the sample C2. Because the

reference case is irradiation for one cycle, we will analyze all cases using a relative cost, so

compared to the costs for n = 1:

Ĉrel(n) =
Ĉ(n)
Ĉ(1)

. (5.38)

Now we can treat ξ (Equation 5.37) as a control parameter and consider what is the

optimum number of cycles, in terms of the economics of producing isotope B, depending on

the ratio of cycle costs and material A. Figure 5.9 shows the relative cost function Crel(n)

(Equation 5.38) for the parameter ξ ∈ [10−3,2.5 · 10−1]. In addition, through analysis of the

case when Cre f (k) = 1, a critical value was calculated for the parameter ξk, for which the cost

production of nuclides B through k cycles, is the same as for the one-cycle irradiation:

ξk =

1
ηB(1)

− 1
ηB(k)

k
ηB(k)

− 1
ηB(1)

. (5.39)
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Figure 5.9: Relative cost of irradiation (Equation 5.38) for n cycles, with different ratios of cycle to
sample costs ξ .

By substituting the data for the production of 99Mo, we are able to determine the critical value

ξ2 = 0.206 for which is the marginal value of the ratio of cycle and sample costs below which

it may be more profitable to produce nuclides using more than 1 cycle. Analyzing the obtained

result, we can conclude that if the cost of irradiating a given mass of the sample for 1 cycle is

less than about 20% of the cost of purchasing this sample, it may be economically more prof-

itable to produce it by irradiation for two or more cycles (see Figure 5.9). Above this value, the

costs of the cycle exceed the costs of the sample, and it becomes more cost-effective to use the

irradiation scheme with one cycle (or even part of a cycle).

5.2.7 The most cost-effective length of the cycle

It is possible that the cost of placing a given sample per cycle will be well over 20% of its

production or purchasing cost. In this case, one can analyze the case of continuous irradiation

for a time other than the one assumed earlier and search for a more optimal cycle length (in

terms of the production of a given isotope).

For this purpose, we will define continuous efficiency, which is the efficiency that builds

up during continuous irradiation, without interruption. This efficiency is defined identically to

the alpha coefficient in Equation 5.7 with continous variable t, and takes the following form:

132



εB(t) =
r

r+λB

[
1− e−(r+λB)·t

]
. (5.40)

With analogy to Equation 5.36, we define the irradiation cost function, for continuous time:

C̃(t) =
1

εB(t)
(ξ · t +1), (5.41)

And the relative cost function:

C̃rel(t) =
C̃(t)

C̃(5d)
. (5.42)

The relative cost function is presented in Figure 5.10 for defferent values of the cycle-to-sample

cost ξ , for continous irradiation up to 14 days. As can be expected, for higher values of ξ (so

the higher relative cycle costs), the optimal irradiation time shifts towards smaller values.

Figure 5.10: Relative cost of continous irradiation (Equation 5.42) for t days, with different ratios of
cycle to sample costs ξ .

To estimate how the optimal number of continuous irradiation days depends, we will

calculate the derivative of the cost function defined in Equation 5.41.

C̃(t)′ =
[

1
εB(t)

(ξ · t +1)
]′
=

[
(r+λB) · (ξ · t +1)
r ·
[
1− e−(r+λB)·t

] ]′ , (5.43)
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C̃(t)′ =
e(r+λB)t

[
ξ (e(r+λB)t −1)− (r+λB) · (ξ t +1)

]
r

r+λB
· [e(r+λB)t −1]2

. (5.44)

Assuming that t > 0, we are looking for the extremum of this function. Equation 5.44 will equal

to zero when:

ξ (e(r+λB)t −1) = (r+λB) · (ξ t +1). (5.45)

To simplify we introduce parametrization:

x = (r+λB) · t, (5.46)

therefore, the equation becomes:

ex − x = A+1, (5.47)

where A = r+λB
ξ

. Because Equation 5.47 does not have an analytical solution, we expand the ex

function into a series, applying an approximation to the second term, ex ≈ 1+ x+ x2

2 (which is

a good approximation for small x). Then the equation simplifies to:

1+ x+
x2

2
− x = A+1,

and we obtain a physical solution:

x =
√

2 ·A.

Returning to the substitution in Equation 5.46 and substituting the constant A, we obtain:

tξ =

√
2

ξ (r+λB)
. (5.48)

The Equation 5.48 describes the theoretical, optimal (in terms of the cost defined by Equa-

trion 5.41) time tξ of continous irradiation of sample A to produce sample B at the given ratio of

cycle-to-sample costs ξ . In Figure 5.10, the theoretical optimal irradiation times for the given

ξ were marked with a dotted line. It can be seen that the applied approximation of the exponen-

tial function works well for shorter irradiation times (below 2 days), but for longer times, the

theoretical optima are shifted toward larger values.
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5.3 Implementation of the optimization algorithm

5.3.1 Representation of the irradiation scheme

One of the most important steps in the optimization process is the determination of a

simple transition between the optimized system and the optimization algorithm, in this case,

genetic algorithm (GA, Section 1.3.1). In order to optimize the irradiation scheme it was nec-

essary to define its simple representation, which would allow easy processing by the algorithm

but also be able to reflect all the possible scenarios.

Definition of the irradiation scheme:

If we analyze P available positions in the core, and irradiation for maximum K cycles, we

should use up to m=K ·P samples to consider all possible scenarios. Therefore, each irradiation

scheme (IS) we can code as:

[IS]K×P =


S1,1 ... S1,P

... Sk,p ...

SK,1 ... SK,P


(5.49)

where:

Sk,p ∈ {1,2, ...,K ·P}, (5.50)

and Sk,p denotes number of the sample placed for cycle k at position p. In this way, it is

very simple to represent all the possible irradiation schemes. For example, if we consider an

irradiation scheme with 4 available positions and a maximum of 2 cycles of irradiation. The

irradiation scheme will be represented by a 2×4 matrix. For example, a matrix:

[IS]2×4
1 =

1 2 3 4

1 2 3 4

 (5.51)

will describe an irradiation scheme for which we place one sample in each position and irradiate
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them for two cycles, so we use four out of eight available samples. On the other hand, a matrix:

[IS]2×4
2 =

1 2 3 4

5 6 7 8

 (5.52)

will represent a scheme for which we are utilising all eight available samples, and irradiate each

of them for one cycle. And a matrix:

[IS]2×4
3 =

5 1 2 3

5 2 1 4

 (5.53)

describes a mixed strategy, i.e. sample no 5 stays at the same position for two cycles, samples

no 1 and no 2 are swapped between the cycles, and in sample no 3 is exchanged with a new

sample no 4.

In this way, we are able to easily represent the irradiation schemes, that takes into ac-

count irradiation for different number of cycles, shuffeling and even taking a sample outside the

core for a few cycles and irradiating it again. If assumed all the K ·P samples can be placed in

the core we are able to consider all the possible irradiation schemes.

5.3.2 Optimization framework

To conduct the analysis of the irradiation scheme optimization, a framework depicted in

the diagram in Figure 5.11 was used, and it combined several codes and measurements. The uti-

lized optimization program consists of a genetic algorithm coupled with the FISPACT-II pack-

age. The algorithm searches for optimal irradiation schemes whereas FISPACT-II assesses the

solutions by running the activation calculations. To run the FISPACT-II calculations, neutron

flux densities and neutron energy spectra had to be determined at selected locations in the core.

The parameters were determined using both, simulations and measurements. First, the Serpent2

Monte Carlo code was used to simulate reaction rate distribution for Co59(n, gamma)Co60 and

neutron energy spectra. The serpent2 model was prepared using output data (material com-

positions) from the REBUS depletion code, that is used to perform real-time calculations at

the MARIA reactor facility. The reaction rates, calculated with Serpent2, were compared with

real measurements of Al-Co activation foils placed in selected locations in the core and used
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Figure 5.11: Irradiation scheme optimization framework.

to correct the simulated values. After these several steps, the flux parameters (densities and

energy spectra) as close as possible to the actual were obtained at the locations considered for

the production of Mo-99 and the optimization process. Further sections provide a more detailed

description of the subsequent steps of the analysis.

5.3.3 Serpent2 numerical model of the MARIA reactor

Since the reactor cycle of the MARIA reactor is short, typically lasting about 5 to 10

days, the matrix as well as the arrangement of fuel elements systematically change. Conse-

quently, the numerical model also requires updates, both in terms of geometry (new arrangement

of elements in the core) and materials compositions, which have changed over the last cycle. At

the MARIA reactor research facility, real-time cycle calculations are conducted using the de-

terministic code REBUS. The results of these calculations (calculated nuclide concentrations)

are used to update Monte Carlo models (MCNP, Serpent2), which are mainly for steady-state

calculations (flux distributions, energy spectra, rod weights, safety coefficients).

To simplify the process of updating the Monte Carlo model, a framework was devel-

oped to automatically generate the input file for the Serpent2 code, based solely o two .json

files: one file containing the current configuration and one file containing the current nuclide

concentrations, generated based on calculations from the REBUS code. The gray region repre-

sents the main part of the program, supported by the technological file core_translator.py,

which contains definitions of cells in the model, transpositions of elements, and calculations of

positions in the reactor grid into spatial variables.
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Figure 5.12: The block diagram of the framework for generating input of the MARIA reactor core
model for the Serpent code. The dotted region represents the .json batch files containing the current

configuration and material compositions, defined in settings.py. The gray region represents the main
part of the program, supported by the technological file core_translator.py.

Using the described framework, an input model of the MARIA reactor core was pre-

pared, representing the configuration from the period when activation measurements were taken,

i.e., from February 2022 (see the configuration in Appendix B). Figure 5.13 shows a top view

and side view of the model, with visible fuel elements, isotope channels, and beryllium blocks.

5.3.4 Theoretical neutron energy spectra and reaction rates

To calculate the flux parameters at selected locations in the core, the Monte Carlo code

Serpent2 was used. The study considered 10 locations: e-7, h-4, g-4, e-8, f-9, i-9, j-5, j-6,

j-7, and j-8 (see configuration in Appendix B). These locations were chosen for three reasons:

firstly, due to the design allowing for the placement of systems for the production of Mo-99,

secondly, these are possible locations closest to the measurement points, hence the flux param-

eters are quite well known, and thirdly, these locations are as close to the center of the core as

possible, ensuring the highest flux density values, and in practice, the highest possible reaction

rates.
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(a) top view

(b) side view

Figure 5.13: Serpent2 model of the MARIA reactor core.

Detector definition in Serpent2

In the Serpent2 code, values of interest can be calculated using detectors, which record the

response generally defined as [29]:

R =
1
V

∫
V

∫ Ei+1

Ei

f (r,E)φ(r,E)d3r dE, (5.54)

where V is the volume of analysed region, f (r,E) is the response function, φ(r,E) is the flux for

particles with energy between Ei and Ei+1. Depending on the quantity of interest, the response

function can take various forms. In the simplest case of measuring the flux density, f (r,E) = 1.

When determining the reaction rate, it corresponds to the cross section for a given reaction.

Serpent2 uses the collision flux estimator (CFE) for estimating particle flux. It is based on

the sampling of the ratio of detector response to the total reaction cross-section Σ of the given
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material:

si =
f (r,E)
Σ(r,E)

. (5.55)

As the total number of collisions exceeds the number of occurrences of the reaction of

interest, this method provides better statistics. The detector response is computed as a sum over

all collisions:

xn = ∑
i

si. (5.56)

In this way, theoretical values of neutron flux density and energy spectra were calculated for

the selected location in the core, for the CCFE-709 [175] group structure, which are compatible

with the FISPACT-II code. Figure 5.14 presents the visualization of the thermal neutrons for 105

histories. Figure 5.15 presents calculated reaction rates and Figure 5.16 the obtained neutron

energy spectra (based on 109 neutron histories) at the considered locations.

(a) top view. (b) side view

Figure 5.14: Serpent2, visualization of the thermal neutron flux in the MARIA reactor core.
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Figure 5.15: Calculated reaction rates, per cm3, per particle history, registered in the beryllium matrix
of the MARIA reactor core. Considered positions for Mo-99 production are marked by black frames.

Statistical uncertainty (standard deviation) for all the values is below 1%.

5.3.5 Determination of the thermal neutron flux density

The MARIA reactor undergoes periodic activation measurements to determine the flux

distribution and validate internal models. To validate the core model and determine the correc-

tion coefficients, the reaction rates determined by activation methods are compared with those

obtained from simulations (see Section 5.3.4). In this section, we briefly discuss how the model

was validated and how correction coefficients for the neutron flux density values in selected core

locations were determined, based on activation measurements conducted in February 2022.

To map the distribution of neutron flux in the core of the MARIA reactor, activation

measurements are used, employing activation foils, including an aluminum-cobalt alloy (Al-

Co). Cobalt contains the isotope Co-59, activated by Co-59(n, gamma)Co-60 reaction, followed
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Figure 5.16: Energy spectra of neutrons at various locations in the core of the MARIA reactor,
determined using the Serpent2 code.

by measurements of sample activity, allow for the determination of the flux density causing ac-

tivation (see Section 1.2.3). Of course, there are measurement points in the reactor core (fission

chambers and self-powered neutron detectors), but they can only be placed in a few selected

locations within the core and serve as a reference and provide ongoing control measurements.

Since the Serpent2 code is capable of simulating steady states, that is, analyzing selected

parameters (such as flux distribution and safety coefficients) based on a given number of parti-

cle histories, which correspond to a period of time that cannot be determined solely based on

Monte Carlo simulations. Then it is not possible to directly correlate the obtained results with

time-based values. To obtain coefficients that allow for the transition from model values to ac-

tual values (e.g., flux density values or reaction rates) and for model validation and corrections,

results from actual measurements are used.

Determining the reaction rate based on the measured activities

Activation foils irradiated at selected locations within the reactor core are measured using a

germanium gamma spectrometer to determine their activity. By knowing the irradiation time,

cooling time (the interval between irradiation and activity measurement), decay constant, and

mass (or number of nuclides in the detector), we can determine the reaction rates. Assum-
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ing similar effective cross-sections (see Section 1.2.3), these rates will be proportional to the

thermal flux density.

Table 5.3: Results of the activation measurements for the central segment of the core and reaction rates
(RR) calculated using Equation 1.18.

Position A [Bq] u(A)1 Irradiation Time [s] RR measured [s−1] u(RR)2

F-V 8.98 ·103 1.1% 2.59 ·105 4.29 ·10−9 1.2%

G-V 1.19 ·104 0.9% 2.59 ·105 5.69 ·10−9 1.0%

G-VI 1.41 ·104 0.8% 2.59 ·105 6.74 ·10−9 1.0%

H-V 1.17 ·104 0.9% 2.59 ·105 5.60 ·10−9 1.1%

g-4 2.89 ·104 0.6% 6.77 ·105 5.29 ·10−9 0.8%

h-4 2.42 ·104 0.6% 6.77 ·105 4.43 ·10−9 0.8%

E-VII 4.05 ·103 1.6% 1.08 ·105 4.65 ·10−9 1.7%

H-IX 3.98 ·103 1.6% 1.08 ·105 4.57 ·10−9 1.7%
1statistical uncertainty u(N)≈

√
N, 2calculated with Equation 1.19.

Then, the relative reaction rates were calculated in comparison to the reaction rates at

two locations within the core where actual measurements of thermal neutron flux density were

performed, namely at positions H-IX and E-VII:

RRH−IX
rel,p (x,y) =

RRp(x,y)
RRp(H−IX)

, RRE−V II
rel,p (x,y) =

RRp(x,y)
RRp(E−V II)

(5.57)

And p ∈ {s,m} where s means simulation and m - measurement. Under ideal conditions, these

values would lead to equal flux densities. However, in reality, due to measurement uncertainties,

different spectra, and effective cross-sections together with statistical variations, the relative

distributions of reaction rates show slight differences from one another. Then, the measured

relative distributions of reaction rates were compared with the relative distributions of reaction

rates determined using the Serpent2 model, determining the correction factors for the thermal

flux density in the locations where the measurements were conducted (see Table 5.4). Three

types of correction factors (measured to simulated) were calculated: the correction factor cH−IX
m/s

for the distribution relative to position H-IX, the correction factor cE−V II
m/s relative to position E-

VII, and their average value c̄m/s.

It is important to note that the reaction rates determined through measurements and those

obtained from Monte Carlo simulations have different units. In activation detectors, the reaction
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rate is given as the number of reactions per nucleus per second. In calculations performed with

the Serpent2 code, this value is time-independent and is expressed as the number of reactions per

cubic centimeter per neutron history. The difference arises because, in the Serpent model, the

actual detectors are not simulated. Instead, the reaction rates are calculated as the integral of the

cross-section and neutron flux in a given location per cubic centimeter. In the simulation, there is

no time dependence; only the number of simulated neutron histories is considered. However, in

real detectors, the density of nuclei is constant, and the selected number of histories corresponds

to a specific period of time. Thus, despite having different units, these values are simply scaled

differently, and their relative distributions will correspond to each other. Table 5.4 presents the

distribution of relative reaction rates for both, measurements and Serpent2 model. Analyzing

the results, we observe that the distribution determined using the model does not significantly

deviate from the measured reaction rate distribution. The correction factors generally differ

from unity by no more than about 0.1. It can be noted that the model tends to underestimate the

relative reaction rate in the central part of the core and overestimate it towards the edges of the

core.

Table 5.4: Comparison of the relative reaction rates measured in the core and those determined using
the Serpent2 model.

Position RR measured (m) RR Serpent2 (c) Correction coefficients

(x,y) RRm [s−1] RRH−IX
m, rel RRE−V II

m, rel RRc [cm−3] RRH−IX
s, rel RRE−V II

s,rel cH−IX
m/s cE−V II

m/s c̄m/s

F-V 4.29 ·10−9 0.94 0.92 1.55 ·10−8 1.03 0.95 0.91 0.97 0.94

G-V 5.70 ·10−9 1.25 1.22 1.76 ·10−8 1.17 1.07 1.07 1.14 1.10

G-VI 6.74 ·10−9 1.47 1.45 1.90 ·10−8 1.26 1.16 1.17 1.25 1.21

H-V 5.61 ·10−9 1.23 1.21 1.89 ·10−8 1.26 1.16 0.97 1.04 1.01

g-4 5.30 ·10−9 1.16 1.14 1.67 ·10−8 1.11 1.02 1.04 1.11 1.08

h-4 4.44 ·10−9 0.97 0.95 1.59 ·10−8 1.06 0.97 0.92 0.98 0.95

E-VII 4.65 ·10−9 1.02 1.00 1.64 ·10−8 1.09 1.00 0.93 1.00 0.97

H-IX 4.57 ·10−9 1.00 0.98 1.50 ·10−8 1.00 0.92 1.00 1.07 1.04

The uncertainties for the measured values in the table were assessed to be <1% (Equation 1.19) and statistical
uncertainty (standard deviation) of Serpent2-based values were <1%.
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Determination of the neutron flux density

To calculate the values of the thermal neutron flux density at the selected locations, the following

formula was applied:

φc(x,y) =
1
2
[
φ

H−IX
c (x,y)+φ

E−V II
c (x,y)

]
(5.58)

Where φ H−IX
c (x,y) and φ E−V II

c (x,y) are the fluxes calculated using simulated relative reaction

rates distributions RRH−IX
rel,s (x,y), RRE−V II

rel,s (x,y) and the reference measurements: φm(H-IX),

φm(E-V II) measured at positions H-IX and E-VII:

φ
H−IX
c (x,y) =RRH−IX

rel,s (x,y) ·φm(H-IX), φ
E−V II
c (x,y) =RRE−V II

rel,s (x,y) ·φm(E-V II) (5.59)

Figure 5.17: The neutron flux density distribution determined using the formula in Equation 5.58
(right side) and the average correction factors for the measurement locations (left side). Yellow dashed
squares in the left figure indicate the specific correction factors for the locations considered for Mo-99

production.

Values of the measured reference thermal fluxes densities, provided by the MARIA

reactor facility are:

φm(H-IX) = 1.37(0.10) ·1014cm−2s−1, φm(E-V II) = 1.39(0.10) ·1014cm−2s−1
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Table 5.6: Calculated flux φc and corrected flux φ̂c at various positions, along with correction factors Ĉ.

Position (x,y) φc(x,y) ·1014 [cm−2s−1] c̄(x,y) φ̂c(x,y) ·1014 [cm−2s−1]

e-7 1.72(0.17) 0.9 1.55(0.16)

h-4 1.39(0.14) 0.9 1.30(0.13)

g-4 1.47(0.15) 1.1 1.55(0.16)

e-8 1.24(0.12) 1.0 1.24(0.12)

f-9 1.01(0.10) 1.0 1.01(0.10)

i-9 0.99(0.10) 1.0 0.99(0.10)

j-5 0.97(0.10) 1.0 0.97(0.10)

j-6 1.31(0.13) 0.9 1.18(0.12)

j-7 1.34(0.13) 0.9 1.21(0.12)

j-8 1.04(0.10) 0.9 0.93(0.09)
The main source of uncertainty for the above values is the measurement of the flux,

which was determined to have an uncertainty of 8%, hence the uncertainties of the determined
values were set at the level of 10%.

Additionally, the positions e-7, h-4, g-4, e-8, f-9, i-9, j-5, j-6, j-7, and j-8, considered

in this study, the correction factors for the flux density values were determined based on the

neighboring correction factors c̄(x,y) for the locations where measurements were performed

(see yellow squares in left scheme in Figure 5.17):

φ̂c(x,y) = φc(x,y) · c̄(x,y) (5.60)

For positions g-4 and h-4, the values of c̄(x,y) were calculated based on the measurements. For

other locations, it was determined expertly, based on the correction factors and the flux density

values in the vicinity of the considered position. The final values of the neutron flux density are

presented in Table 5.6.

The uncertainties of the values determined in Table 5.6 are primarily based on the un-

certainty of measuring the reference flux values, which was about 8%. Due to the fact that RR

are not independent variables, and their strong mutual correlation as well as correlation with

the flux density value, the final determination of uncertainties is not a straightforward task. In

this study, due to the applied method, the uncertainty in measuring reference values, and the

estimated correction coefficients used, the final uncertainty of the flux was estimated at 10%.
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Despite the uncertainty values being estimated and seeming significant in the context of opti-

mization, the uncertainty of the flux density value does not play the most crucial role here. Since

the optimization is carried out with respect to a reference scheme (one cycle), the shape of the

flux distribution is more important in this study, and it has been determined with relatively good

accuracy (see Table 5.4). Finally, while the flux value is uncertain, it only scales the problem

but should not affect the optimization outcome.

5.4 Results

5.4.1 Estimation of the ratio of cycle costs to target material costs

Determining the operating costs of a reactor core is an extremely challenging task and

constitutes a separate research topic that has been addressed numerous times [176–179], partic-

ularly in terms of nuclear power plant insurance and securing sufficient funds to ensure finan-

cial liquidity both during the reactor’s operation and after the facility’s decommissioning and

waste disposal. A variety of models are employed, including detailed data analyses and prob-

abilistic assessments. In the case of research reactors, the situation is even more complex to

analyze than for commercial reactors. This complexity arises from the fact that research reac-

tors often operate under different economic conditions, which can involve direct governmental

support [178, 180], impacting the financial models used to calculate their operational costs.

It is easier to determine the costs of the sample, as they are usually standardized. How-

ever, the costs can also vary depending on contracts, material type and the nature of the facility.

In this study, we are only trying to determine the orders of magnitude of these costs to get a

rough approximation of the value of the ratio ξ in Equation 5.37 that we might be dealing with.

Irradiation costs

In this study, we assume that in the MARIA reactor, there is a certain volume in which target

material can be placed for the production of radioisotopes, and the irradiation costs of a given

sample are proportional to the portion of this volume occupied. In this very simplified analysis,

aimed only at determining the order of magnitude of the value ξ , we take into account:

• Reactor MARIA maintenance costs of 3.5 million EUR annually [180],

• Fuel costs, about 20-25 fuel elements replaced every three years [180], which equates

to approximately 8 fuel elements annually, 100,000 EUR each [178], which results in

around 0.8 million EUR annually,
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• Personnel costs (assuming about 100 people, an average of 1200 EUR of costs per person

per month), approximately 1.5 million EUR annually.

The above calculations amount to approximately 5.8 million EUR annually for the op-

erational costs of the MARIA reactor core. The operation time projected for MARIA reactor in

2024 is 4200 hours [181]. Assuming 5 days per cycle, which is 120 hours per cycle, resulting in

35 cycles per year, and around 170,000 EUR per cycle. Of course, these calculations are very

simplified and do not include all costs, such as the disposal of spent fuel and its storage, or the

decommissioning of the power plant. Nevertheless, it shows the order of magnitude of expenses

associated with the cycle.

To calculate the irradiation cost per cm3 of a sample, we determine the volume in the

MARIA reactor that can be used for irradiating samples and producing radioisotopes. For sim-

plicity, we assume that there are about 5 channels with a diameter of 60 mm and about 15

channels with a diameter of 30 mm in the beryllium matrix of the core, additionally, there are

15 pegs in the matrix that can also be replaced with an irradiation system and used for produc-

tion (see configuration in Appendix B). The active part of the core is approximately 100 cm in

length. This gives a total of about 1.23 ·105 cm3 of available volume. However, for technical

reasons (appropriate range of reactivity, no samples at the very ends of the active part of the

core, volume of the container, and supporting structures), not all of this volume can be effec-

tively used for production. The effective volume is very difficult to determine, however, in this

very simple estimate, we assume that the target materials can occupy up to 10% of the available

volume, which results in 1.23 ·104 cm3 (the order of magnitude is in line with the total active

volume of the main part of the irradiation system of 100 containers × 50 cm3, there are also

other available parts, with less precisely defined volume). Finally, the irradiation costs would

be equal to around 13.5 EUR/cm3 per cycle.

Target material costs

For the production of Mo99 in the MARIA reactor, uranium targets are used. Analyzing the

price list prepared by the New Brunswick Laboratory, material containing 5.4g (or approxi-

mately 0.49cm3) of uranium dioxide enriched to 4% (certified reference material ID C125A)

costs approximately 630 EUR [182]. It results in 1283 EUR/cm3 of target material costs.
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Estimated ratio of cycle costs to target material costs

In this simplified analysis, the irradiation costs of the sample were found to be: C1 ≈ 13.5 EUR/cm3

per cycle, and the costs associated with purchasing the sample were: C1 ≈ 1283 EUR/cm3. This

gives, according to Equation 5.37, a value of:

ξ̄ =
C1

C2
≈ 0.01. (5.61)

The above analysis is very approximate and is not intended for cost analysis, and it is

burdened with a great deal of uncertainty, both from the approximations used and parameters

and costs that were not included. Therefore, in the further part of the study, within the frame-

work of a sensitivity study, values 10 times smaller and 10 greater than the calculated value will

be used.

It’s worth noting that the calculated value is about 20 times smaller than the thresh-

old value ξ2 ≈ 0.2 calculated in Section 5.2.6 (Equation 5.39). This means that despite the

significant uncertainty in determining the ratio of irradiation costs to sample costs, the actual

value can be below the threshold value, which potentially indicates the possibility of profit from

irradiating samples for more than one cycle.

5.4.2 Reference cases

In this section, the results of calculations for reference cases will be presented, i.e., for

1, 2, 3, and 4 cycles, for each sample remaining in the same position through successive cycles,

and with full shuffling of samples between cycles.

One cycle

Since all the samples placed in the selected locations in the core have the same mass, it does

not matter how we place them in the core. Using the FISPACT-II package, calculations were

performed for the irradiation of 10 samples of the target material for one cycle. The average

production yield (i.e., the sum of produced Mo99 nuclides per total number of used U235

nuclides) is:

η(1)≈ 5.35 ·10−4.

The efficiency value η(1) will further serve as the reference value to which we will

compare other loading schemes and with which we will calculate the relative value of irradiation

costs ˆCrel (Equation 5.38).
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Multi-cycle

For scenarios with 2, 3, and 4 irradiation cycles, we consider two cases - without shuffling and

with shuffling. In the first case, we assume that we place the target material in each of the

considered positions and irradiate it for the given number of cycles, with no shuffling between

cycles (marked as ’ns’). According to the nomenclature described in Section 5.3.1, for example,

for 3 cycles, it could be:

[IS]3×10
ns =


1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10


.

The next case considered was multiple cycles but with shuffling applied (marked as

’ws’). In this reference case, random shuffling is used after each cycle, with the assumption that

no sample can repeat its location in all the cycles. For an example of three cycles it could be:

[IS]3×10
ws =


1 2 3 4 5 6 7 8 9 10

9 10 4 3 7 8 5 6 1 2

10 8 7 6 1 5 9 2 3 4


.

Table 5.7 presents the results of efficiency calculations and relative irradiation costs for

the reference cases considered for 1 to 4 cycles, 10 samples, and nominal value of ξ̄ = 0.01 as

well as the sensitivity analyses with 0.1 · ξ̄ = 0.001 and 10 · ξ̄ = 0.1.

The summary shows that for a greater number of cycles, a higher efficiency (i.e., the

number of Mo-99 nuclei produced per number of used U-235 nuclei) can be achieved than for

a single cycle. Using two cycles leads to higher efficiency, even without shuffling samples.

The highest efficiency for irradiation without shuffling (’ns’) is obtained for 3 cycles.

This means that for a greater number of cycles, the concentration of the nuclide Mo-99 ap-

proaches the saturation level and further irradiation makes no sense, while the final efficiency

may decrease due to the decay of the produced nuclei during breaks between cycles. This

corresponds to the predictions described in Table 5.2.

The cases with shuffling (’ws’) were generated randomly, with the assumption of full
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Table 5.7: The results of calculations for reference cases, 1-4 cycles, 10 samples.

ˆCrel[%] (Equation 5.38)

Cycles Shuffling Scheme η ξ = 0.001 ξ = 0.01 ξ = 0.1

1 - [IS]1×10 5.35×10−4 100.0 100.0 100.00

2 no [IS]2×10
ns 6.17×10−4 86.8 87.6 94.6

2 yes [IS]2×10
ws 6.19×10−4 86.4 87.2 94.2

3 no [IS]3×10
ns 6.21×10−4 86.3 87.8 101.8

3 yes [IS]3×10
ws 6.21×10−4 86.3 87.9 101.8

4 no [IS]4×10
ns 6.12×10−4 87.6 90.0 111.2

4 yes [IS]4×10
ws 6.15×10−4 87.2 89.5 110.6

shuffling, meaning that no sample could be found in the same location twice. This random

shuffling does not guarantee the certainty of the best possible solution but allows for a pre-

liminary comparison of solutions with and without shuffling. In the cases considered, there is a

negligible impact of swapping samples between subsequent cycles. For 4 cycles, it increases the

efficiency from 6.12 ·10−4 to 6.15 ·10−4. In other cases, it practically does not affect efficiency.

5.4.3 Optimization

In the previous Section, we considered only 10 samples and extreme cases, i.e., leaving

samples in the same positions through subsequent cycles, or randomly swapping their places

between cycles. In this part, we allow the optimization algorithm to select the number of sam-

ples, that is to consider all scenarios, including placing a new set of samples with each new

cycle as well as the scenario of removing a given sample for a selected number of cycles and

then reinserting it. In this way, for a scenario with two cycles, the GA could consider using up

to 2×10 samples, in the scenario with three cycles 3×10 samples and respectively 4×10 sam-

ples for the scenario with four cycles. Theoretical considerations in Section 5.2.4 preliminarily

showed that with the flux values we are dealing with in the core of the MARIA reactor, this

strategy should not lead to better efficiency. However, there is no basis to reject the possibility

of exisiting a certain mixed strategy of irradiation (e.g., swapping part of the samples, removing

them for selected cycles and/or reinserting them after some time) which could potentially lead

to better efficiency.
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Four cycles

In this scenario, it was considered that the irradiation of samples would occur over four con-

secutive cycles. The algorithm had complete flexibility in selecting the number of samples.

Optimization was done using a population of 50 specimens, pm = 0.1 and pc = 0.9. The pro-

cess starts with the random selection of 50 individuals for the initial population, i.e., 50 matrices

of [IS]4×10
ws containing numbers from 1 to 40.

Figure 5.18: Evolution curves for the 4-cycles scenario. Relative production cost and the number of
samples for the best individual in the population, and the average number of samples in the population.

Genetic Algorithm, a population of 50 individuals, pm = 0.1, pc = 0.9.

Figure 5.18 shows the evolution of the relative cost and the number of samples used

for the best individual (i.e., the one with the lowest relative cost). Additionally, the graph also

presents the average number of samples in the population. The graph shows that the algorithm

very quickly removes additional samples and promotes solutions in which the same samples are

irradiated over several cycles rather than introducing new ones. It is evident that the shape of

the relative cost curve matches the shape of the curve describing the number of samples. This

indicates that the improvement in process efficiency is mainly due to reducing the number of

samples rather than their optimal shuffling in the core. After 439 generations, the algorithm

reduces to the minimum number of samples (i.e., 10), and the relative cost practically no longer

decreases, with differences below tenths of a percent (see Table 5.8).
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Table 5.8: Evolution of results for the 4-cycles scenario, for a random population (generation 1), the
optimization midpoint (250), the point of minimization of the number of samples (439), and last

generation (450).

ˆCrel[%] (Equation 5.38)

Generation Samples η ξ = 0.001 ξ = 0.01 ξ = 0.1

0 24 2.04×10−4 263.2 270.2 334.9

250 11 5.60×10−4 95.8 98.4 121.6

439 10 6.16×10−4 87.0 89.4 110.5

450 10 6.16×10−4 87.0 89.3 110.4

Table 5.9 presents the best irradiation scheme found by the algorithm after 450 gen-

erations. Analyzing the solution, it can be observed that for several locations the algorithm

maintains the sample in the same place for two cycles. It was checked (by manually modifying

the scheme) that introducing shuffling for these locations slightly worsens the final result (be-

low <0.1%, but to a disadvantage). This shows that it is a deliberate action of the algorithm,

likely caused by a greater gain from exchanging samples in another location. It confirms the

speculation that the optimal solution may be a non-trivial mix of different irradiation strategies.

Another observation might be that samples are typically moved across two different

sides of the core (e.g., from location e-7 to g-4 or g-4 to j-8), especially during the first two

cycles, likely due to greater differences in flux parameters. Although exchanges of neighboring

locations do occur, especially between cycles 2, 3, and 4, such as moving from j-8 to j-7 and

finally to j-6.

Three cycles

Simulations were repeated considering 3 cycles, which means up to 30 samples in the core as

part of the search for the scheme [IS]3x10
ws . Again, a population of 50 individuals was utilized.

Due to the smaller space of possible solutions, the optimization was performed for 150 genera-

tions. Similarly to the 4-cycle scenario, Figure 5.19 presents the evolution of relative cost and

the number of samples for the best individual, as well as the average number of samples in the

population.
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Table 5.9: Best irradiation scheme for the 4-cycle scenario.

Sample Cycle 1 Cycle 2 Cycle 3 Cycle 4

1: e-7 g-4 i-9 i-9
2: h-4 j-5 g-4 j-7
3: g-4 j-8 j-7 j-6
4: e-8 i-9 e-7 g-4
5: f-9 j-7 j-8 e-7
6: i-9 f-9 e-8 h-4
7: j-5 h-4 j-5 j-5
8: j-6 j-6 h-4 j-8
9: j-7 e-8 j-6 e-8
10: j-8 e-7 f-9 f-9

Figure 5.19: Evolution curves for the 3-cycles scenario. Relative production cost and the number of
samples for the best individual in the population, and the average number of samples in the population.

Genetic Algorithm, a population of 50 individuals, pm = 0.1, pc = 0.9.

Table 5.10 presents selected points of the optimization process. Identically to the 4-cycle

scenario, the algorithm eliminates samples, reaching the minimum number of 10, within 119

generations. Further optimization practically does not improve the relative cost of irradiation

anymore. Table 5.11 presents the best irradiation scheme proposed by the algorithm. On the

scheme, it can also be observed that positions are usually changed to those on the opposite side

of the core. Additionally, it can be noted that the algorithm decided to keep sample no. 7 in

position j-5 for the first two cycles. A similar analysis was applied and the position of this

sample was randomly changed in the second cycle, resulting in a slightly worse result (<0.1%).
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Table 5.10: Evolution of results for the 3-cycles scenario, for a random population (generation 1), the
optimization midpoint (80), the point of minimization of the number of samples (119), and last

generation (150).

ˆCrel[%] (Equation 5.38)

Generation Samples η ξ = 0.001 ξ = 0.01 ξ = 0.1

0 17 3.05×10−4 175.5 178.6 207.0
80 11 5.55×10−4 96.5 98.2 113.8

119 10 6.25×10−4 85.8 87.3 101.2
150 10 6.25×10−4 85.8 87.3 101.1

Table 5.11: Best irradiation scheme for the 3-cycle scenario.

Sample Cycle 1 Cycle 2 Cycle 3

1: e-7 j-8 j-5
2: h-4 i-9 j-7
3: g-4 j-7 j-6
4: e-8 f-9 e-7
5: f-9 j-6 g-4
6: i-9 e-8 h-4
7: j-5 j-5 i-9
8: j-6 g-4 f-9
9: j-7 h-4 e-8

10: j-8 e-7 j-8

Two cycles

Similar analyses were conducted for the 2-cycle scenario. In this scenario, the algorithm con-

sidered up to 20 samples placed in 10 locations over two cycles, i.e., it searched for the scheme

[IS]2×10
ws . Figure 5.20 presents the evolution of the relative cost and the number of samples. Due

to a much smaller solution space, the algorithm converges much faster. After just 12 gener-

ations, it selects the minimum number of samples. Subsequent iterations do not improve the

result significantly (see Table 5.12).

Table 5.12: Evolution of results for the 2-cycles scenario, for a random population (generation 1), the
optimization midpoint (10), the point of minimization of the number of samples (12), and last

generation (30).

ˆCrel[%] (Equation 5.38)

Generation Samples η ξ = 0.001 ξ = 0.01 ξ = 0.1

0 13 4.33×10−4 123.7 124.8 134.8
10 11 5.49×10−4 97.6 98.5 106.4
12 10 6.18×10−4 86.7 87.5 94.5
30 10 6.20×10−4 86.4 87.1 94.1
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Figure 5.20: Evolution curves for the 2-cycles scenario. Relative production cost and the number of
samples for the best individual in the population, and the average number of samples in the population.

Genetic Algorithm, a population of 50 individuals, pm = 0.1, pc = 0.9.

Table 5.13 presents the obtained irradiation scheme. In this scheme, it is hard to discern

any pattern - it includes both exchanges of neighboring locations (e.g. g-h, h-4) and those farther

apart (e.g. j-8, e-8). However, this scheme does not assume keeping a sample in one location

for two cycles. Probably no combination necessitates leaving a sample in the same place and

swapping all samples might be the most optimal.

Table 5.13: Best irradiation scheme for the 2-cycle scenario.

Sample Cycle 1 Cycle 2

1: e-7 f-9
2: h-4 j-7
3: g-4 h-4
4: e-8 e-7
5: f-9 g-4
6: i-9 j-6
7: j-5 i-9
8: j-6 j-5
9: j-7 j-8

10: j-8 e-8
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5.4.4 Summary and conclusions

Table 5.14: Summary of the 4-cycles, 3-cycles, and 2-cycles scenarios compared with the reference
calculation of 1-cycle scenario.

ˆCrel[%] (Equation 5.38)

Case Scheme η ξ = 0.001 ξ = 0.01 ξ = 0.1 ξc

4-cycles [IS]4×10
ws 6.16×10−4 87.0 89.3 110.4 0.05

3-cycles [IS]3×10
ws 6.25×10−4 85.8 87.3 101.1 0.09

2-cycles [IS]2×10
ws 6.20×10−4 86.4 87.1 94.1 0.19

1-cycle [IS]1×10 5.35×10−4 100.0 100.0 100.0 -

Table 5.14 presents a summary of the results for the optimization of the irradiation

scheme, i.e., production efficiency η (Equation 5.1) and the relative production cost ˆCrel (Equa-

tion 5.38) for scenarios with four, three, and two cycles, compared to reference irradiation

through one cycle. Additionally, based on the calculated efficiencies, the marginal cost coef-

ficient values ξc(n) were determined, beyond which irradiation through n cycles ceases to be

cost-effective. Equation ξc(n) was derived by calculating the condition Ĉrel = 1, and equals to:

ξc(n) =
η(1)−η(n)
(n−1) ·η(1)

. (5.62)

From the results, we can derive several following conclusions:

• The highest production efficiency η = 6.25×10−4 was obtained for irradiating samples

over 3 cycles. Breaks between cycles for a larger number of cycles begin to lower effi-

ciency and cause that irradiation over a greater number of cycles is not optimal.

• For the nominal value of the cost coefficient ξ = 0.01, the lowest relative production

cost is also obtained for irradiation over 3 cycles - about 86% of the costs of irradiation

compared to irradiation through 1 cycle, which is in line with the theoretical predictions

presented in Figure 5.9 (Section 5.2.6). However, if cycle costs are higher than deter-

mined, irradiation over 2 cycles is more cost-effective. Another policy could be to extend

the cycle length. In accordance with Figure 5.10 (curve for ξ = 0.01), presented in Sec-

tion 5.2.6, around 15% lower cost production could be obtained using 8-days cycle (a

longer cycle does not improve the efficiency much more).
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• The determined marginal value ξc(4) = 0.05 shows that for irradiation through 4 cycles,

the nominal value is only 5 times lower. In the case of 2 and 3 cycles, it is respectively 9

and 19 times more. Assuming the fixed target sample costs, calculated in Section 5.4.1, in

practice, this would mean operating costs of the reactor of about 50 million EUR and 100

million EUR annually, respectively. It seems that despite rough calculations, we are far

from this limit. It’s worth noting that the value of ξc(2) = 0.19 is close to the theoretical

value of ξ2 = 0.21 calculated using Equation 5.39 from Section 5.2.6.

• Comparing the results from Table 5.14 with the reference calculations from Table 5.7, one

can conclude that the number of cycles used and shuffling samples is significant, the way

of shuffling plays a minor role and improves the efficiency of the process by tenths of a

percent, which is completely negligible, especially when compared with the uncertainties

of the flux parameters in determined places and the uncertainties of calculations with the

FISPACT-II package.

• Overall, from the conducted analyses, it seems that potentially the most cost-effective

production might be through irradiation over two cycles, even without applying shuffling,

reducing costs by about 13%, or with the application of shuffling, further reducing costs

by approximately another 0.5%, which is in line with the theoretical considerations in

Section 5.2.5, where is it shown that shuffling leads to the same or better efficiency.

• Increasing the number of cycles to three results just in a slight improvement but brings

us closer to the critical value of cost parameters, which could potentially reduce the prof-

itability of the process.
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Appendix

A Description of the class LoadingPatternOptimizer

This Appendix describes selected technical details of the implemented class for Loading

Pattern Optimization.

Methods of the LoadingPatternOptimizer

1. SetParameters(params*)

This method sets the most important parameters of the optimization, i.e. fitness function

and its parameters, assumed symmetry, optimization method, path to the calculations, and

other most important tion (see Table .15). Variables of the method are listed and explained

in Table .16. Table .17 presents an example of the FF definition that has to be called in

the SetParameters() method.

2. ModelInit(create_directory=[True])

This method initializes the model, the FF, optimization method, selection, mutation, etc.

The variable create_directory (default true) defines if the program creates the direc-

tory to save the optimization progress and results or not.

3. PopulationInit()

This method creates the population. It can be random (by default) or be created from a

provided checkpoint or specimen banks.

4. CalculationsInit()

This method initializes Copilote calculations. It copies the calculation plan from the

provided project and initializes the models based on the created population.

5. Run(test=[False], save=[True], verbose=[1])

This method runs the calculations. In this method test option can be selected (false by

default) to disable SMART calculations and only test the optimizer, save option allows

switching off saving the results (useful for tests), verbose veriable allows to select the

level (0-2) of details printed in the output.
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Main file of the LoadingPatternOptimizer

from LPO import LoadingPatternOptimizer

def main():
LPO = LoadingPatternOptimizer()

LPO.SetParameters(
PARAMS = {’FDH_init’:10, ’FDH_max’:10, ’ASSBU’:100000,

’CORBUCYC’:15000, ’CORBUCYCJEPP’:100, ’CORFUITES_avg’:100},
SYMMETRY = ’1/8’,
TITLE = ’PSA+GA_octant_Case1’,
OPTIMIZER = ’PSAGA’,
CXPB = 0.2,
MUTPB = 1.0,
T_INIT = 1000,
TOURNAMENT_SIZE = 20,
NGEN = 100,
POP_SIZE = 200,
PM_PATH = "./Copilote_calculations/master_plan_EPR",
CALCULATIONS_PATH = "./LPO/Case1",
TIMEOUT = 15,
FF = FF,
IF_CALCULATIONS_FAIL = ’restart’,
POPULATIONS=["./populations_bank/population_1.csv",

"./populations_bank/population_2.csv"]
)

LPO.ModelInit(create_directory=True)
LPO.PopulationInit()
LPO.CalculationsInit()
LPO.Run(test=False, save=True, verbose=1)

Table .15: Main file for the Loading Pattern Optimizer.
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Parameters of the SetParameters() method

PARAMS = {"PARAMETER_type" : default, ...}, parameters that are used in the fitness
function definition, can be FDH, burnup, and leakage, type can be max, init or avg. The
default value is important to set as it is used when the calculations fail.
SYMMETRY = core symmetry, ’1/8’ or ’1/4’
TITLE = title of the optimization
CXPB = crossover probability, default = 0.9
MUTPB= mutation probability, default = 0.1
T_INIT = initial temperature, default = 1000
TOURNAMENT_SIZE = size of the tournament, default = 20
POP_SIZE = size of the population, default = 200
PM_PATH = path to the Copilote calculations (the model to be optimized)
CALCULATIONS_PATH = path to the directory where the calculations will be stored
TIMEOUT = max time of a single calculation (in case it gets stuck, does not converge,
it will be killed after this time)
OPTIMIZER = ’GA’, ’PSA’ or ’PSAGA’
FF = fitness function that needs to be defined separately (see example in Table .17)
IF_CALCULATIONS_FAIL = ’restart’ or ’new’, determines what the program will
do if the an error occurs, it can try to restart from the last point or start from a new random
state
RESTORE = ’path’, if a path is provided the program will start from the provided
checkpoint (the program saves the results at every generation)
POPULATIONS = [’path1’, ’path2’, ...], if this variable is provided, the algo-
rithm will create the initial population out of the populations provided in the list of paths,
equally from each specimen bank

Table .16: Variables of the SetParameters() method of the LoadingPatternOptimizer
class.
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Definition of the FF() method

import maths as m

def FF(ind):
FDH = ind.chromosome_parameters["FDH_max"]
BU = ind.chromosome_parameters[’ASSBU’]
CORBU = ind.chromosome_parameters[’CORBUCYC’]
CORFUITES = ind.chromosome_parameters[’CORFUITES_avg’]

if BU > 60_000:
pB = m.exp(5e-5 * (60_000 - BU))

else:
pB = 1.0

if CORFUITES > 2.6169:
pC = m.exp(0.1*(2.6169 - CORFUITES))

else:
pC = 1.0

if FDH > 1.477:
pF = m.exp(1.0*(1.4770 - FDH))

else:
pF = 1.0

fitness_function_value = (CORBU - 15000)/2229 * pB * pC * pF

return fitness_function_value,

Table .17: Definition of the FF.
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B Maria reactor core configuration

Core configuration of the Maria reactor form the period of the activation measurements

in February 2022.
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C Calculated neutron flux density distributions and correction factors

relative to measurements at positions H-IX and E-VII
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